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A Nodal Method for Solving Transient Fewgroup 
Neutron Diffusion Equations 

by 

R. A. Shober 
Argonne National Laboratory 

ABSTRACT 

A nodal method for multidimensional light water reactor (LWR) 
static and transient analysis is presented in this report. This 
method efficiently solves one- or two-group diffusion equations 
using an analytic solution procedure. This report details signifi
cant improvements made to those aspects of the method previously 
reported in the literature. Eigenvalues and power distributions 
are presented for several static benchmark problems. Time-dependent 
results for a difficult two-dimensional BWR kinetics benchmark pro
blem are presented. A reference solution for this benchmark problem 
is also presented. The results presented in this report are 
summarized, and suggestions are made as to appropriate ways to 
extend this work to multigroup fast breeder reactor analysis. 





I. INTRODUCTION 

In this report, a method for solving the multidimensional, one- or two-
group time-dependent neutron diffusion equations is developed. Although the 
specific method discussed here is limited to one or two neutron groups, the 
techniques used in the development of the method are important for an under
standing of future methods development work which will be carried out in order 
to solve the multigroup neutron diffusion equations. 

For light water reactors (LWR's), the time dependent one- or two-group 
diffusion equations have proven to be a reliable tool for analyzing reactor 
accidents. After appropriate fuel assembly homogenization procedures^ have 
been performed, the analysis of an LWR involves the solution of a diffusion 
problem over a series of large, homogeneous regions; generally as large as 
20 cm on a side. To obtain accurate solutions to this problem using finite 
difference methods, many spatial mesh points are often used. In general, the 
number of mesh points required in any one dimension to obtain accurate finite 
difference results is proportional to the number of neutron diffusion lengths 
present in that dimension of the reactor. The neutron diffusion length for 
group g neutrons is defined as^ 

L = \T-^ (I.l) 

The diffusion length for thermal neutrons in an LWR can be as small as 2.5 cm 
for some cases. Therefore, due to the large number of unknowns in each dimen
sion, a multidimensional analysis of an LWR using finite difference methods 
can be very expensive. 

In the last few years, considerable success has been obtained in devel
oping so-called nodal methods for solving multidimensional LWR diffusion 
problems. For many years, nodal methods comprised a variety of schemes for 
solving the diffusion equations in which a set of "coupling coefficients" 
were defined which relate the fluxes in two adjacent regions to the current 
at the interface between the regions. These "coupling coefficients" were 
often evaluated from fine^mesh calculations and then used for a variety of 
reactor conditions. Although the coefficients may give acceptable results 
for one reactor configuration, it is dangerous to extend their use very far 
beyond the original reactor configuration used to calculate them. The nodal 
schemes which have been developed recently, however, differ from the above 
methods in that the "coupling coefficients" are rigorously defined in some 
way.3''**5'^*^'^ The methods also differ in that some of them^'^ use the 
partial neutron currents as the final unknowns for which a solution is re
quired. However, the common thread among all of the above schemes is that 
polynomial expansions are used to solve the diffusion equation on a local 
basis (within each region), and these solutions are used to define the coup
ling between one unknown and another. In fact, this same definition in
cludes finite element methods.^ As Werner has pointed out,** the newly 
developed nodal schemes are variations on the finite element method in 
which the weight functions are defined in ways other than the conventional 
Galerkin scheme. 
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In Chapters I I and I I I , the development of a nodal scheme for solving 
multidimensional, time-dependent one- or two-group neutron diffusion equations 
is reviewed. This method has been previously reported in the l i t e r a t u r e ^ ' ^ ' . 
This report documents the following: 

a) An improved time dependent strategy which reduces the computing 
time spent re-calculating the coefficient matr ices . 

b) A new representation of the transverse leakage term which yields 
significant improvement in spa t ia l accuracy. 

c) A reference solution to Benchmark Problem 14-A1,^° as well as 
coarse mesh solutions from the methods developed here . 

The development of the method in one spa t ia l dimension i s shown in Chap
ter I I . The extension of the method to two-dimensional time dependent prob
lems i s shown in Chapter I I I . The resul ts of several benchmark problems are 
given in Chapter IV. Conclusions based on the above benchmark problems, and 
recommendations for future study are presented in Chapter V. 
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II. DEVELOPMENT IN ONE DIMENSION 

A. Introduction 

In t h i s Chapter, methods for solving the one-dimensional diffusion 
equation are discussed. The s t a t i c diffusion equation i s integrated over 
each homogeneous region to yield the integrated nodal equation. To solve t h i s 
equation, auxil iary relat ionships between the fluxes and currents are neces
sary. These relat ionships can be derived in various ways. Two derivations 
are discussed in th i s Chapter; the f i r s t based on response matrices, the 
second based on an analyt ic solution to the diffusion equation over each homo
geneous region. I t i s shown that the analyt ic solution technique i s simply 
a special case of the more general response matrix method. F inal ly , a tech
nique for solving the one-dimensional, time-dependent diffusion equation i s 
described. 

B. The One-Dimensional Diffusion Equation 

The one-dimensional, time-independent diffusion equation i s 

= ^ M [v l f (x)]^ [*(x)] ( I I .1 ) 

where 

[D(x)] i s a diagonal GxG matrix consisting of the diffusion 
coefficients 

[(j)(x)] i s a column vector of length G consisting of the neutron 
fluxes 

[V (x)] i s a GxG matrix consisting of the absorption and sca t 
ter ing cross sections 'T 

[j(] i s a coliann vector of length G consisting of the f i ss ion 
spectrum 

[vT (x)] i s a column vector of length G consisting of nu times the 
f i ss ion cross section 

G i s the number of neutron energy groups. 

The one-dimensional reactor configuration R = [0,X] i s divided in to a par
t i t i o n TT: 0<X , . . .<x = X, with the r e s t r i c t i o n that any region 
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be homogeneous. Eq. (II.l) is then integrated over x^ 1 x 1 x^^^: 

[J(x^^^)] - [J(x^)] +\ [IT ^ [*î  

= ^ h ^ [X] [vlf r [*i] ( I I .2) 

where 

[J(x^)] = - [\] -^ [*(x)] 

x=x. 

^^''kf 

i 
X e R. 

1 

h = ^^' ^+1^ 

^i+r^i 

Equation (II .2) shows that the average fluxes in adjacent regions are depen
dent on the net currents at the interface between two regions. Therefore, i t 
is^ desired to obtain a relat ionship between the average fluxes [<l>j , ] and 
[<ji.] and the current at x . , [J(x ) ] . i - 1 ' 

C. Derivation Based on Response Matrices 

Let us define J . and J as the p a r t i a l currents in the -he and -x direc
tions a t x^. The corresponding G-element column vectors of group p a r t i a l 
currents are therefore fJ. ] and [J ] . Then for region R. in a vacuum, the 

^1 i 
transmission matrices [TT] are defined as 

1 
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[T^] [J^] = [ < ^ i ] 

[T^] [ J , ] = [ J , . , ] 

( I I . 3) 

These r e s u l t s can be generalized such that they are defined over an arbitrary 
distance between x and x (or x and x ) . Let x be any point i n the 

interval [x. - . Xj+nJ' Then Eqs. ( I I . 3 ) above become 

[T '^(X) ] [ J ^ ] = [ / ( x ) ] for x^ <_ X £ x̂ _̂ ^ 
( I I . 4 ) 

[T (x) ] [J^] = [J (x)] f o r x ^ _ ^ i x £ x ^ 

+ 
The reflection matrices [R ] are defined as 

[R^] [J^] = [J~] 

[R^] [J^] = [J^] 

(II.5) 

In the general scheme, Eqs. (II.5) become 

[R^(x)] [J^] = [J^] for x^ £ X £ x^^^ 

[R"(X)] [J~] = [J^] for x^_^ £ X <̂  x^ 

(II.6) 

In Eqs. ( I I . 4 ) and ( I I . 6 ) above, the point x represents the l o c a t i o n of the 
point X or X ; whichever i s appl icable . 

For R. imbedded i n the reactor , the following matrix equation can be 
derived: 

f = [R(x)] _ 
uj^u L[j (x)]J 

( I I . 7 ) 

for X. f_ X £ X . The matrix [R(x)] can be shown to be 
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''[T'^(X)]"^ 

[R(x)] = 

-[T'^(X)]"-^ [R~(X)] 

L 
[R"^(X)] [T'^(X)]"^ -[R'*'(X)][T'*'(X)]'-^ ( R " ( X ) ] 

+ [ T " ( X ) ] 

(II. 8) 

Equations (II. 7, 8) show that a relationship exists between the partial cur
rents at X and the partial cur: 

properties in the region (x ,x). 

rents at x and the partial currents at x which depend only on the material 

A P-1 expansion of the angular flux at point x gives the following 
relationship: 

2[I] 2[I] 

[I] -[I] 
(II.9) 

Therefore, Eq. ( I I . 7 ) becomes 

'»J 

[J,l 

= 

"2 [ I ] 

[ I ] 

2 [I] ' 

- [ I ] 

[R(x)] 

"i"i 

jui 

im-

-fu. 

[«l>(x)] 

[ J ( x ) ] 

(11.10) 

for x^ <̂  X <̂  ̂ i + r ^^^ "^ r e - w r i t e Eq. (11.10) as 

» j j " 

. ' ^ i ' . 

= [S(x)] 
"[*(x)]" 

_[J(x)]_ 

Cion (11.11) i s then mul 
t s , we have 

[S(x) f = 
hi 

. - 1 

(11.11) 

(11.12) 
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If Eq. (11.12) is integrated from x. to x, ., the following equation is ob
tained 

[U,J 
HJ 

. " i ' . 

= h. (11.13) 

where 

•i 
1+1 [<|.(x)] 

[J(x)] 
dx 

1+1 
[U. [S(x)]"^ dx 

Equation (11.13) defines a relationship between the average properties in 

(x , X ) to the values present at point x . To obtain a similar relation

ship between the properties at x and the average properties over (x.^^. x ) , 

we return to Eq. (11.11) with a change in subscripts: 

= [S(x)] 
[*(x)] 

[J(x)] 

(11.14) 

where x , £. x <̂  x . Denoting 

[S(h^_^)] = [S(x)] 

x=x. 

we find that Eq. (11.14) becomes 

[S(x)]"^ [S(h^_^)] 
[•(x)] 

[J(x)] 

(11.15) 

If then Eq. (11.15) is integrated from x^_^ to x^, we obtain: 
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tVî  i-1 
[*1-1̂  

[̂ 1-1̂  

(11.16) 

where 

^1 
[W^_^] = f [S(x)]'^ dx [S(h^_^)] 

1̂-1 

Let us rewrite Eqs. (11.13) and (11.16) 

[U,] 
r* ]̂ 

[ j^] 
= h. 

[\-l̂  = h. 

•[• j l 

}M 

-1 
\-J 
l - ' i - l ' 

(11.13) 

(11.16) 

Each Eq. (11.13) or (11.16) r ep re sen t s 2G equa t ions , 
top G equations in the following way: 

Let us w r i t e only t he 

[uJ'^J [-J-i] + [U^'^] [ J . ] = h^ [4,^] (11.17) 

MultJ 
exist 

(11.18) 

ip ly ing (11.17) by [U ' ] " and (11.18) by [ W ^ ' h " ^ (assuming t h e inverses 
t ) , we ob ta in ^~-'-

. 1 , 1 , - 1 , 1 , 2 1 .1 , -1 rT [t^] + [u^'^] [u^'"] [ j j = h^ [u^'^]--' [T^] 

1*̂ ] + [wJ:J]'^ twJ:J] [j^] - ĥ _̂  [wj:j]-^ [^^_^] 
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Subtracting the above two equations gives 

[<i\'^f'- [oj'^i [j^i - iwj:jr^ {wj:̂ i [j^i 

h, [ui ' i ]-! tt^i - h^.^ [wj:jj-i [• .̂̂ i 

or 

• {'•i i^i '^r^ Wji - hj_^ iwjijr^ [?^.^j) (11.19) 

Equation (11.19) shows that a relationship exists between the current 
[Ĵ ] and the adjacent average fluxes [*. ,] and [<(>.]. This relationship 

Involves only the material properties in these adjacent regions. The only 
additional assumptions made in this derivation were that a P-1 expansion was 
made at the interface (diffusion theory is veilid at that point), and that the 
necessary Inverses exist. Therefore, the response matrices could be evaluated 
in any conventional manner, and the global problem solved within a nodal 
framework. 

D. Derivation Based on Analytic Solutions to the Diffusion Equation 

In this Section, analytic solutions to the diffusion equation will be 
used to derive the coupling relationship between neighboring regions. Let 
us first write Eq. (II.l) in P-1 form: 

^ tJ(x)] + [Ij(x)] [<|.(x)] = ^ [X] [vl^(x)]^ [4.(x)] (11.20) 

^ [<l)(x)] + [D(x)]"^ [J(x)] = 0 

and l e t us further define 

[*(x)] = col {[(|.(x)], [J(x)]} (II .21a) 
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[N(x)] 

[0] [D(x)] -1 

[L(x)] -f [X] [vL(x)]^ [0] 

(II.21b) 

Therefore Eqs. (11.20) can be written as: 

^ [$(x)] + [N(x)] [*(x)J = 0 (11.22) 

This equation can be solved ana ly t i ca l ly over a homogeneous region R to give: 

- [ N J (x-x ) 
[$(x)] = e ^ ^ [*(x^)] (11.23) 

Integrating (11.23) from x^ to x^^^, dividing by h^, and rearranging y i e l d s ; 

[N^] h^ 1$^] = [ I ] - e 

-[NJ h^ 

where 

[ * (x^) ] (11.24) 

[ * i ] = T- )] dx 
1 / - i+ l 
hT / [*(̂  

1 

and [N^] i s the matrix [N(x)] for x e R . 

Similarly, we can Integrate Eq. (11.23) i n the negat ive d i rec t ion 
homogeneous region R to obtain B u ve airectxon over 

- tVii Vi f*i-i] [I]-e 
^\-l^ h-1 

[ * (x^) ] (11.25) 

that 
Comparing Eqs. (11.13) and (11.16) to Eqs. (11.24) and (11 .25 ) , 

We observe 
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[UJ = [N̂ ] 
-1 

- [N̂ ] h^ 

[I] - e (II.26a) 

[W^_^] = - [N^_^] -1 [I] - e 
f\-l^ ^i-1 

(II.26b) 

Therefore, the matrices [U ] and [W,_ ] are made up solely of cross sections 

and mesh lengths of regions R and R , respectively. 

To continue the development, the following trigonometric identities are 
recalled: 

1-e = 1 - cosh X + sinh x 

1-e = 1 - cosh X - sinh x 

Substituting these relationships into Eqs. (11.24) and (11.25), adding the 
resulting equations together, and rearranging gives: 

-1 (sinh"-̂  [N^] h^) {[I] - cosh [N^] h j [$(x^)] 

+ [$(x^)] = (sinh"-̂  [N^] h^) [N^] h^ [$^] (II.27a) 

-1 (sinh" [N^_^] h^) ( [I] - cosh [N̂ _̂ ]̂ h^_^ j [$(x^)] 

-1 
- [*(x̂ )] = - (sinh " [N^_^] h^_^) [N^_^] h^_^ li^_j] (II.27b) 

Now recall the additional trigonometric relationship 

(sinh x) (1-cosh x) = ,. X 
- tanh y 

Adding Eqs. (11.27) together, and using the above re lat ionship y i e l d s ; 

- ( tanh [N^] h^/2 + tanh [N^_^] h^_j^/2) [* (x^)] 
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(sinh'̂  [NJ h^) [N̂ ] h^ [*̂] <"-28) 

-(sinh-^ [N^_^] h^_^) [N^_^] h^_^ [*̂ .̂ ] 

Let us now define 

[A^] = (tanh [N^] h^/2) 

(11.29) 

[B^] = (sinh"-̂  [N^] h^) [N^] h^ 

We note that Eq. (11.28) represents 2G equations; therefore the matrices [A ] 
and [B'''] are 2G x 2G matrices. Let us denote these matrices as being composed 
of four blocks, each block being a G x^G matrix. ĵ̂We observe, based on the 
definition Eq. (11.29), that blocks [A^ ̂ ] and [A^ 2^ ^^^ ^ero; and blocks 

[B^ ] and [B^ ] are also zero. Thus, writing only the top G equations of 

(11.28), we obtain: 

[j(x^)) - - [AJ;^ * 4^,)-'- [BJ^J] [•,) 

Using Eq. (11.30) and i t s counterpart at x . , Eq. ( I I .2) can be transformed 

into a three-point difference relationship for the average f luxes, as follows: 

- ^4:1 ^ 4,2)" i4:i' '^i-i' 

* Kl ^ *1.2l"' ^ 14,2 ̂  <2l"') I 'tl ' 'n' 

•4.2 ^ 4:1^ 'B-, Û ^̂ , 

+ \ [ I t ^ f*l^ = X ^1 [^If 1^ [*i^ (11-31) 
1 i 
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Equation (11.31) is a matrix equation which can be solved by conventional 

numerical methods. The values of [A ] and [B ] are derived in Appendix 
1, ̂  1,1 

A. The solution of this equation will yield the exact values of the average 
fluxes in each homogeneous region. 

Although Eq. (11.31) has the conventional three-point form, there are two 

items which make the equation different from the convetlonal finite differ

ence equations. First, the calculation of the matrices [AT ] and [B?" ] is 
1,z 1,1 

performed by solving the diffusion equation analytically over each homogeneous 
region. To solve this equation, the eigenvalue X of the global problem is 
required. Therefore, Eq. (11.31) is non-linear, in that improved values of 
X are used to re-calculate the coefficient matrices at various times in the 
static iterative process. Secondly, the coefficient matrices resulting from 
the substitution of Eq. (11.30) into Eq. (II.2) generally have the same struc-
ture as the matrix [y.(x)]- -r [x][v5],(x)] . Therefore, the leakage terms 

t A r 
introduce additional group-to-group coupling terms other than those already 
present due to fissioning and scattering. This is unlike finite difference 
methods, in which the leakage terms only couple fluxes of one group together. 

Comparing Eq. (11.19) to Eq. (11.30), we observe that 

[AJ ,1 - (Û '-̂ l"̂  [v]'^] (11.32) 

t̂ .ll - -"io"' 

t h e r e f o r e , i f reg ions R._, and R have i d e n t i c a l composi t ions , then 

This demonstrates t h a t t h e ma t r i ces [U ] and [W. ] a re simply t h e n e g a t i v e 
of one ano the r . 

E. Extension t o Time Dependent Problems 

The t ime-dependent , one-dimensional d i f fus ion equat ions a r e 

[ V ] " ^ | ^ [<|.(x,t)] = 1 ^ [D(x , t ) ] ^ [4 , (x , t ) ] - [ j ; ^ (x , t ) ] [4 , (x , t ) ] 
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K 
+ [X„] (1-3) [vL(x , t ) ] ^ [< l . (x , t ) ] + I [X,. ] \ C ( x , t ) ( I I . 3 3 a ) 

.p . . . . „ f v " . w . . T x ^ . w . ^ .^ .Ajl^. k k 

^V^'^) = - \^ Cj^(x,t) + 3,^ lvl^(x,t)] [( |)(x,t)] (l£k<K) ( I I . 3 3 b ) 

where 

(VJ 

IXpl 

i s a diagonal GxG mat r ix conta in ing t h e neut ron speeds 

i s a column vec to r of length G con ta in ing t h e prompt f i s s i o n 
spectrum 

[Xj, ] i s a column vec to r of l eng th G conta in ing t h e spectrum from 
delayed group k 

[vJ ( x , t ) ] i s a column vec to r of length G conta in ing t h e c r i t i c a l 
value of nu times the f i s s i o n cross s e c t i o n 

In t eg ra t ing Eqs. (11.33) over R., we o b t a i n : 

h . [ v ] - i | - ^ [? '^(t)] = - [ J ^^^ ( t ) ] + [ J ^ ( t ) ] - h ^ H^ ( t ) ] [ ^ . ( t ) ] 

+ h^ (1-B) [Xp] [vl^ ( t ) ] ^ [J^it)] + I [ x ^ J Xĵ  Cj^^^(t) ( I I . 3 4 a ) 

h\,i^'^ = T -
^k %i^^^ "̂  \ \ [ v l j ( t ) ] ^ [<fr^(t)] (l< k̂<^K) ( I I . 34b) 

where 

1 / i + 1 
[<fi(t)] = -JT" / [ * (x , t ) ] dx 

[ J ^ ( t ) ] = - [D(x, t ) ] — [4.(x, t)] 

x=x. 

IIT (t)] = [I^(x,t)] 
X e R. 
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i + l 
Cj^(x,t) dx 

\ " \ + l - \ 

To o b t a i n a r e l a t i o n s h i p between t h e ne t c u r r e n t s and t h e average f l u x e s , 
Eqs. (11.33) must be solved a n a l y t i c a l l y over each homogeneous r e g i o n . The 
time d e r i v a t i v e and delayed p recurso r terms complicate t h i s s o l u t i o n , s i nce 
in genera l they a re not known as a funct ion of x . For assembly-s ized mesh 
spac lngs , i t has been found p o s s i b l e to use the following approximations over 
the course of a time s t e p . For each region R, = ( x . , x ) we assume: 

I - [<t>(x,t)] 
o t 

[u) ] [(t)(x,t)] 
P . i 

( I I . 3 5 a ) 

h: c, (x,t) 
dt k 

= 0) dki S(^'^> 
( I I . 3 5 b ) 

where [ui . ] i s a d iagonal GxG ma t r ix . I n s e r t i n g Eqs. (11.35) i n t o (11.33) 
P . i 

and r e a r r a n g i n g , we o b t a i n 

- f - [D(x,t)] f- [<|.(x,t)] 
3x 3x 

+ ( [ I , j , ( x , t ) ] + [cOp^^]} [«D(x,t)] 

K 
- [X ] (1-e) + I [ x , J 

k= l 

Vk. 
dk'' I Uj, >X 

dki k/ , 

[ v L ( x . t ) ] ^ [<t)(x,t)] = 0 (11.36) 

If fu) ] and (D „ , are known for each region R., Eq. (11.36) can be solved 
p,i dki 1 

analytically at a fixed time t as shown previously. From this analytic solu
tion, an expression of the form of Eq. (11.30) can be obtained. The resulting 
equation to be solved is then 
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h t̂ "̂'lr ^h^^^^ 
.1-1 . .1 ,-1 r„l-ll 

= [<2-^l,2^"^t«t,l^f*i-l^^^^ 

1+1,-1 
- {'4:^ ^ 4.2=" ^ '4.2 ^ 4:2̂ > lBj_,l[*,(t)] 

'4.2 * 4!2i"' '4! i i '•!«<«' - " i '^T,<"' '•!<'>' 

+ hj^(l-S) tXp) Cvl J (t)l'̂  U^M] 
K 

I 
k=l 

tXdk̂  ̂ k \.l(^> 
(11.37) 

Equations (11.37) and (II.34b) can be solved using any conventional numerical 
method. It should be emphasized that the approximations (11.35) were used 
only to determine the coupling coefficients; as such they are not expected to 
Introduce a very significant error into the overall solution. The omegas are 
calculated from 

1 AT ^̂'̂gi / ^gij 

1 AT \ k,l/ k,iy 

where AT Is the time step size, g is the energy group index, and n is the 
time step index. 

F. Summary 

In th is Chapter, a method for solving the one-dimensional, s teady-s ta te 
or transient diffusion equations has been developed. Due to the algebraic 
complexity of the method (see Appendix A), the scheme in i t s present form i s 
res t r ic ted to one- or two-group problems. 

Results of s t a t i c and transient t e s t problems^ show that the method i s 
very accurate. For s t a t i c t e s t problems, the exact resul t i s obtained for 
both the eigenvalue and eigenvector. For t ransient t e s t problems, very 
accurate results have been obtained for spa t ia l mesh regions as large as 20 cm 
for LWR s. The approximations in Eqs. (11.35) seem to be adequate for rea
sonable mesh sizes encountered in LWR analysis . 
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The method used to derive the exact coupling relationships is based on 
an analytic solution to the diffusion equation. These relationships have 
been shown to be equivalent to a response matrix derivation of the same pro
blem. In fact, it has been shown how response matrices can be used to cal
culate coupling coefficients for the nodal solution scheme. This would entail 
calculating integrals of the reflection and transmission functions. Further 
work is necessary to develop an efficient computational scheme based on this 
concept. 
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III. DEVELOPMENT IN TWO DIMENSIONS 

A. In t roduc t ion 

In Chapter I I , a method was developed which produced exact d i f f e r ence 
equations i n one dimension. In two dimensions, i t i s not c l e a r t h a t exact 
d i f fe rence equations e x i s t , o r what t h e i r mat r ix s t r u c t u r e would be i f they 
did e x i s t . The extension to two dimensions may be performed i n two d i f f e r e n t 
ways. The f i r s t technique i s to assume the neutron f lux has a mult idimen
s iona l r ep r e sen t a t i on . Some examples of t h i s technique a r e t h e f i n i t e e l e 
ment method,^ and the method of Aoki and Tsuiki .^^ The o the r approach i s to 
assume a one-dimensional r ep re sen t a t i on of the neutron f l u x . Some examples 
of t h i s a re the Nodal Expansion Method,^ and a nodal method based on r e 
sponse matr ix c o n s i d e r a t i o n s . ^ ' ^ In t h e cur ren t method, t h e second approach 
w i l l be taken. Therefore, t h e one-dimensional s o l u t i o n t o t h e d i f f u s i o n 
equation w i l l be r e t a i n e d , and an es t imat ion of t h e " t r a n s v e r s e leakage" 
i n t e g r a l requi red . This de r iva t i on i s given below. 

B. Two Dimensional Derivation 

Let us begin i n two-dimensional x-y geometry, with a reg ion R def ined 
as 

R = [0,X] X [0,Y] 

and with t h i s region divided in to a p a r t i t i o n 

ir: 0 = X. , < . . . < x = X 

0 = Vi' < • ' • < Yj = Y 

We assume tha t any rec tangle defined by t h e above p a r t i t i o n i s homogeneous 
The two-dimensional diffusion equation i s : 

- fc f°̂ '̂y>^ h f*̂ '̂̂ ^̂  - 1 7 [D(^'y)J I7 [*(x.y)] 

+ [l^U,y)] [<t.(x,y)] = i [X] [v):^(x,y)]^ [<l'(x,y)] 

where the terms are defined analagously to those in Eq. (II.l). 

(III.l) 
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When this equation is integrated over (x., x ) and (y , y.jj.i)» "^ 
obtain: 

i»J i » j 

( I I I . 2 ) 

where 

\ ' \ + l - \ 

^j = V i - ^ j 

[• 
^j+1 ;^i+i 

i . j 
^ I I [^(x.y)] dxdy 

yj - x ^ 

[L ] = [iT(x.y)] 
i , j 

X e (x^, x^+]^) 

y e ( y j . y j+ i ) 

f- [D̂  .] ! - / [*(x^.y)] dy 
hj 1,3 3x y 1 

[J ,̂J = -^tVj^i7/''t*^-V^ dx 

The remaining step is to obtain a relationship between the net currents and 
the average fluxes. This will be accomplished by using the analytical pro
cedure derived in Chapter II. 
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To i l l u s t r a t e th i s procedure, l e t us find a re la t ionship between the x 
directed net currents and the adjacent average f luxes. To obtain the differ
ential equation which must be solved analyt ica l ly , we in tegra te Eq. ( I I . l ) 
over (y^. y^^^) and divide by h^. For X e (x^, x^^^) we obtain: 

- [ D , , j | ^ [ * , ( x ) ] - [ ^ , j / ^ ^ [ * ( x . y ) ] d y 

^j 

+ [ L ] [«i',(^)] = r [X] [^If ]^ [*j(^)i ( I I I .3 ) 

where 

^J+1 
.(x)] = \- f [^(x.y)] dy 

Equation (III. 3) has the same form as the one-dimensional diffusion 
equation, with the exception of the extra Integral representing leakage in 
the y direction. To solve Eq. (III.3) analytically, this Integral must be 
approximated in some manner. Two possible approximations are: 

I) Assume the leakage in the y direction is proportional to the flux in the 
X direction. 

II) Assume the leakage in the y direction has a low-order polynomial repre
sentation. 

Assumption 1) is the conventional separability assumption. Results 
using this asumptlon have been reported in References 7 and 8. For many LWR 
problems, the separability assumption leads to significant errors. It has 
been demonstrated in the above references that assimiptlon 11) is preferable. 

The most complete study of the various alternatives within assumption 11) 
has been made by Wagner.^ In this study, the following functional forms of 
the leakage Integral were studied: 

a) The leakage integral is a constant (flat across the node) 

b) The leakage Integral is a linear function across the node 

c) The leakage Integral is a quadratic function across the node. 

Assumption a) has been studied in detail in Reference 3 and by this author. 
For many practical problems it yields acceptably accurate results. However, 
for some extreme test problems, the results are not acceptable. Therefore, 



29 

a higher order approximation is desired. In References 3 and 5, the quadratic 
approximation is shown to provide excellent results for all test problems 
attempted. However, Reference 3 shows that approximation b) also provides 
acceptably accurate results for the same extreme test problems. Therefore, 
it may not be necessary to use as complex a representation as assumption c). 

In References 3 and 5, the information required to construct a quadratic 
approximation to the transverse leakage integral is obtained by considering 
the leakage values over three adjacent nodes. Therefore, although the leak
age is approximated as a quadratic function within each node, the same infor
mation is used to construct more than one of these quadratic functions. 
Therefore, it cannot be said that the quadratic approximation to the trans
verse leakage integral is "complete", since not enough Independent pieces of 
data are available. However, the addition of a modulation on the basic flat 
shape (even though approximate) appears to significantly improve the accuracy 
of the results. 

In view of the above arguments, two approximations to the transverse 
leakage integral are developed here. The first is the constant (or flat) 
leakage approximation. The second is the "two-step" approximation; where the 
Integral is assumed to be flat over each half of the node, however the level 
of the constant function is different on the left from that on the right. 
This approximation was chosen instead of assumption b) above since the anal
ytic solution of the diffusion equation is made less complex. 

Let us write Eq. (III.3) in a form analagous to Eq. (11.22): 

^ t*(x)] + [N] [*(x)] = [L(x)] (III.4) 
dx 

where we will specify the functional form of [L(x)] later, and 

[$(x)] = col {[(|)̂ (x)], [Jj(x)]) 

[J^(x)] = - [D] ̂  [*-i<̂ )] 

[L(x)] = col {[0], - ̂  [L (x)]} 
J ^ 

[Ly(x)] = - [D^^j] j j ^ [«)>(x,y)] dy 

^j 

The general solution of Eq. (III.4) at any point x is 
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-[N] (x-x ) 
[$(x)] = e [«(Xj,)] 

-[N]x / * [N]x' 
+ e J ^ [L(x')] dx' (III.5) 

X , 

Over the Interval R̂  e (x^.x^^^), let us approximate [L(x)] as follows; 

This approximation is the "two-step" approximation. We will defer at present 
a discussion how the values [L .] and [L .] are obtained. The flat leakage 

J., 1 ^ , 1 

approximation will simply be a special case of the two-step approximation in 
which [L(x)] = [L., J = [L ] . 

Equatlon (III.5) is next integrated from x. to x and divided by h. 
to obtain: ^ ^ ^ ^ 

^1+1 -[N](x-x ) 
[$,] = ^ / e ^ [*(x^)] dx 

X j , 

1 r^^ 
^1 

^ ^1+1 -[N^]x ^ [N ]x' 

\J ' J ' [L(x')] dx'dx 

X , X . 
1 1 

where 

> i 

•̂ ' - kJ [*(x)] dx 

^1 

^1 " \+l - \ 
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Next, we inser t the above approximation for [ L ( x ) ] , and carry out the required 
in tegra l s to obtain: 

- [ N . ] h . 
[ I ] - e ^ ^} [*(x^)] = [N^]h^ [*^] 

[N^] -1 
[I ] - e 

^ i 

t^. i^ 

[N^]"^ [I ] 
-[N ] ^ -[N ]h 1 

2e ^ ^ + e ^ ^ [4,1^ 

- | [ I ] - [Ni]"^ ( [ I ] - e ^ 2 [^2,1^ 
( I I I . 6 ) 

Next, in tegrate Eq. ( I I I . 5 ) from x._- to x , and divide by h ; where 
we define [L(x)] as 

[L(x)] = J 

t4,i-l^ 

0^2,1-1^ 

V l - ^ - ^1-1/2 

V l / 2 1 ^ ^ ^1 

After the required integrals are carried out, the following result is obtained: 

[I] - e 
tVl^Vl^ [*(x̂ )] = - [N^_^] h^_^ [*̂ _̂ ] 

+ j V [I] + [N,.,]-^ ([I] - e ̂""̂-̂^ 2 )|tL2,,.,] 

-1 ( f̂ i-1̂  - ^ t̂ i-1̂  V l - [N̂ _̂ ] ̂  [I] - 2e ^ ̂  ^ + e ^ ̂  ^ ̂  t^.i-l^ 
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- ^ [I] + [N^.j]"^ ([1] - e 
[N. J 1-1. ^ 
1-1' 2 

[^.1-1^ 
(III.7) 

We now make the following substitutions into Eqs. (III.6) and (III.7): 

-X 1 - e = 1 - cosh X + sinh x 

1 X , 

1 - e = 1 - cosh x - sinh x 

Making these substitutions, we obtain from Eq. (III.6): 

(s inh" [N^] h^) {[I] - cosh [N^] h^ } [$(x^] + [$(x^)] 

- 1 . 
(s inh [N ]̂h_ĵ ) [N^] h^ [$^] 

• (slnh"^N^]h^) I - i [I] - [N^]"^ / [ I ] -
[^1,1^ 

, -1 . . - 1 . - [ N ^ ] - ^ - [ N j h , 
[N^] (sinh [N^]h^) [ I ] - 2e ' ^' ^ + e ' ""l""i I [L .] 

(sinh~-^[N^]h.) '^ uj - , » , , - L,.. -'^'^' 
'h.iJ ( I I I . 8 ) 

and from Eq. ( I I I . 7 ) : 

(s lnh-^[N^_Jh^_^) | [ I ] - cosh[N^_^]h^_ 1 [*(x^)] - [ , ( ^ ^ ) , 

- 1 - (sinh [N^_^]h._^) [N^_^]h^ [$^_^j 

. ( s i n h " ^ t N , . , l h ^ . ^ ) [ ! : i z l U l - t N ^ . ^ r ^ ( U ] - e ^ ^ - 1 ^ ^ ) ) . ,,^^^_^, 
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[N^_j^]"-^(sinh"-^[N^_^]h^_^) j [ I ] - 2e + e [ ^ . i - 1 ^ 

+ (sinh~^[N^_^]h^_^) 
^h 

^ [I] + [ \ _ J " ^ 

[N. J - i - 1 . 

[ I ] - e '-' ' ]\ . [L ,^ ,_ , ] ( I I I . 9 ) 

Equation ( I I I . 8 ) and ( I I I . 9 ) are then added together, using the addit ional 
re lat ionship 

(sinh x) (1-cosh x) = - tanh — 

to obtain: 

- ( t a n h [ N ^ ] - | + tanh[N^_j^]^^j [*(x^)] 

(8lnh"^[N^]h^) [N^] h^ [*^] - (8inh~^[N^_^]h^_^)[N^_^] h^_^[*^_^] 

(sinh"-^[N^]h^) | - | [ I ] [N^]"^ ( [ I ] - e 

^1 

th,il 

[N^]~-^(8inh"-^[N^]h^) 
- [ N , ] - i - [ N l h . 

[I] - 2e ^ ^ + e ^ } [ L i , J 

(sinh~"'^[N^]h^) - | t l ] - [N^]"^ ( [I] - e 
- [N,]^> 

t ^ . i ^ 

+ (8inh'^[N^_^]h^_^) | - ^ [I ] + [N^_i]"^ ( [I ] - e 
[N. J i - 1 . 

i - 1 ' 2 
Hh.i-ll 
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. - 1 , . , - 1 - [N^_^]"-'(8lnh" [Ni_i]h^_^) • [I] - 2e ^ -̂  + e r [^2,1-1^ 

-1 
+ (s inh" [Nj^.^] V l ^ ' 

^A 1 - 1 

- ^ [ I ] + [N^.i] 

[N. J 1 - 1 V \ 

[ I ] - e 
1-1 ' 2 

• [ h , i - i ^ 
( I I I . 1 0 ) 

Next, we use t h e r e l a t i o n s h i p s 

(••s.ll ' I | l ' ' i . l l * " - 2 . i ' l 
( I I I . 1 1 ) 

'••d.l' • I I 'H . l ' - '^2,il) 

or 

l%. i i • 1 ^ , 1 ' -̂  ["-d,!" 

II-2,il = ^ . l l - " ' d , i l 

Equation ( I I I . 1 0 ) then becomes: 

- (tanh[N^] 2 ^ + tanh [N^_^] ^ j [$(x^)] 

(sinh"^[N^]h^) [N^] h^ [$^] - (s inh"^ [N^_^] h^_^) [N^_^] h^_^ [$^_^] 

- (slnh""^ [N^] h^) h^ [ I ] - [N^] ( [ I ] - e 
- [ N j h , 

f ^ . i ^ 

- [N^]"-^ (slnh"-'-[N^]h^) [ I ] - 2e 
- [^^2^ . - f^i^^i I 

+ e [^d.i^ 
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+ (8inh"l[N^.,]h^_^) |h^_^[I] + [N^_^r' ([I] - e ''''-'̂ '''-') f[L3,i_i] 

[N; J--1 -1 I ^'N-i^—9~ 
+ [N^_^] (sinh [N^_ilh^_i) UI] - 2e ^ ^ ^ 

+ e 
"•i-iiVii 

"•d, i - i i 
(III.12) 

At this point, some further algebraic manipulation of Eq. (III.12) is 
required. The following definitions can be made: 

[A^] = tanh [N^] -| 

[B^] = (sinh~-̂ [N̂ ]ĥ ) [N^]h^ 

(III.13a) 

(III. 13b) 

Next, the term multiplying [L .] will be rearranged. Let us write the term 
s , 1 

- (sinh """[N l̂ĥ ) h^[I] - [N^]"^ ( [ I ] - e ^ ^ 

using the re la t ionship 

- X 
1 - e = 1 - coshx + sinhx 

This term becomes: 

- 1 - (s inh [N^]h^) i^[I] - [N^]"-^ ([I] - c o s h [ N ^ ] h \ | + [N^] 
-1 

Using the nomenclature of Appendix A, this term can be shown to be: 

^11 

0 

0 

E22 

0 

H^2(^) 

H2j(h) 

0 

'hi 
0 

0 

E-1 
22. 

< 

' 

I 

"i ° 

? \ 
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0 

- 1 
N,i 12 

4 
0 

/ 

\ 
\ 

I 

0 

0 

I 

K^^(h) 0 

K22(h) 

0 N - 1 
21 

N""*" 0 
12 

where [K(h)] = cosh [N ] h . . 

We note t h a t t h i s expression (which r ep resen t s 2Gx2G ma t r i ce s ) w i l l 
mult iply a column vec to r whose f i r s t G e n t r i e s a r e a l l z e r o . Therefore , 
the e n t r i e s (1,1) and (2,1) i n t he r e s u l t i n g express ion above a r e no t needed. 
In add i t i on , only t h e top G equations w i l l be used i n t h e f i n a l exp re s s ion . 
Therefore, only element (1,2) i s requ i red . We may then reduce t h e o r i g i n a l 
term above to 

[D^] = - (sinh -^[N^Jh^) h^ [N^] - 1 
(111.13c) 

where the (1,2) element of Eq. (III.13c) is the same as the (1,2) element of 
the original expression. An analogous simplification of the term multiplying 
[Lg ̂ _ ] reduces to the same form as Eq. (III. 13c) above. Therefore, 

Eq. (III.13c) is correct in general for all 1. 

The terms which multiply [L _̂ ] and [L ] do not at first appear to 
represent the same term; however after simplification their (1,2) elements 
can be shown to be the same. 
trigonometric relationships 

Important in this simplification are the 

(sinh'^x) (1-cosh I + sinh |)2 = 1 tanh | (1-tanh ^)^ 

-1 
(sinh" x) (1-cosh ̂ - sinh ^ ) ^ = i Xv2 - tanh - (1+tanh J) 

The final result is 

[F̂ ] = [N.]-^ U\ Lnh[N^]^j ([I] - tanh[Nj ^] (III.13d) 

The expressions Eq. ( I I I . 1 3 a , b , c , d ) a re eva lua ted i n Appendix A fo r both one-
and two-neutron energy groups . 

Taking only t h e top G equat ions of Eq. ( I I I . 1 2 ) , and us ing t h e d e f i n i 
t ions Eqs. ( I I I . 1 3 ) , we o b t a i n : 
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- (4:2> ^ '4.2') '•'("I'l • t4. i ' '•ii - '4:i ' '•l-l' 

[D^ ,1 [Lk 1 + [DJ'JJ [Lk J 
1,2 s , i 1,2 s , l - l 

'4.2' "•"d.i' - '4:2= '"'d.i-i' 

( I I I . 1 4 ) 

where the [Lk] terms represent the lower G entr i e s in the vector [L] . 

Equation ( I I I . 1 4 ) i s a matrix equation re la t ing the x-directed current 
at X. to the adjacent average f l u x e s . In addi t ion , i t can be seen that the 
current at x depends on the y-directed leakage i n the adjacent reg ions . 

Therefore, i f Eq. ( I I I . 1 4 ) i s subst i tuted in to Eq. ( I I I . 2 ) for both the x-
and y-directed currents , the current terms would not be completely el iminated 
from the equation; as was the case i n one dimension. Thus, i n two or more 
dimensions, the equations for both the average neutron flioxes and the currents 
must be solved simultaneously. In the next Sect ion, the matrix structure of 
the resu l t ing equations w i l l be shown. 

C. Matrix Structure of Equations 

Let us rewrite Eq. ( I I I . 2 ) as fol lows: 

• • • j j • ' • j j • ' • j J 

= 7 [X] [ v L ] ^ [*•. J ( I I I . 1 5 ) 
X f^^j i , j 

where 

[L ] = [J^ ] - [J^ ] 
^ i , j ' ' i + l , j ' ' i , j 

[L 1 = [•'y ] - [-̂ y ^ 
^ i . j ^ i J + l ^i .J 

From Eq. ( I I I . 1 4 ) , we obtain 
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[L ] = - [ C ^ ' j ' ^ ] [<l>i_i,j] 
X . , x , j J- •^»J 

1 >J 

-1< ;^ ^^.j^ - ^^xif'i t^^ij^ 

h . ^ x , j s , i - l h x , j Xg^^ 
3 •' 

+ i - [E^ . i+1 ] [Lk ] 
h . ^ ' J ^ s , i + l 

hj x , j ^ d , i - l j d , i 

+ 1 - [G^. i+1] [Lk ] ( I I I - 1 6 ) 
hj ^ ' J ^ d , l + l 

where 

'4:r' = (4:2' ̂  '4.2')" '4a' 

' O - |('4:2'^'4.2')"^('4.2>-'0)") '4,i' 

'4:r' = ('4.2' - '4:2'j -' '4:i' 

'4;r' - (4:̂  ^ '4.2')" '4:̂ ' 

'4;j' = ite'^'4.2" M< '̂̂  <^r1 < '̂ 
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x,J 

x,J 

('4.2' - ' 4 : ^ ) -' •4r2' 

('4:̂ ' * '4.2') -' '4:^' 

x,3 t2^^^<2)"^([4,2^^fC2^)"|[^1.2^ - [At":̂ ] + [At J 

.-1,1+1- L^± 1 . CAI+III -1 rr-l+ll 
t̂ x,j 1 = Pl,2^ ^ f^,2^) [̂ 1,2̂  

An analogous expression holds for [L ]. 

Substitution of Eq. (III.16) and the analogous expression for [L ] 
into Eq. (III.15) yields: ^i,j 

' • j '^i:r"Vi.j ' --i"=y:r '"*i. j-i ' 

^i^iT^ '•i«.j'->'i'^y:r' '•i.j+i' 

*(''j'^:;?^''i'^y:i'*Vj'iT,_j'j '•i.^' 

i » j 

[E^'^"^] [Lk 
x,j X ] -

8,1-1 
[E^'^] [Lk ] + [E^'f ̂] [Lk ] 

'̂J ^8,1 ^'^ 8,1+1 

- [G^'^"^] [Lk ] + [G^'^] [Lk ] + [Ĝ '̂ '̂ l] [Lk ] 
^'1 ^d,i-l ^'^ ^d,i ^'^ ^d,l+l 

+ [E^'j-^] [Lk ] - [E^'J] [Lk ] + [EJ'J-'I] [Lk ] 
y'^ ^8 , j - i ^'^ ^s.j ^'^ ys , j+ i 
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- [G^'J-l] [Lk^ ] + [G^'j] [Lk ] + IGI'I"-^] [Lk ] (III.17) 
y ' ^ y d , j - i ^'^ y d , j ^ ' ^ y d , j + i j 

Equation ( I I I . 1 7 ) i s s o l v e d i n a c o n v e n t i o n a l manner, u s i n g a f i s s i o n 
source I t e r a t i o n a c c e l e r a t e d by t h e u s e o f Chebyshev p o l y n o m i a l s . The "inner" 
I t e r a t i o n s t o s o l v e for t h e average f l u x e s a t each mesh p o i n t and o u t e r 
i t e r a t i o n are performed us ing the c y c l i c Chebyshev i t e r a t i v e method. Both 
neutron energy groups ( i n two-group problems) are s o l v e d s i m u l t a n e o u s l y . 
References 7 and 8 c o n t a i n a more d e t a i l e d d i s c u s s i o n o f t h e s o l u t i o n t e c h n i 
ques . 

The c a l c u l a t i o n of t h e terms [Lk] has n o t y e t been d i s c u s s e d . Because of 
Eq. ( I I I . 1 1 ) , i t can be shown t h a t 

[Lk ] = [L ] (111 .18a) 
s , l ^1,3 

[Lk ] = [L ] ( I I I . 1 8 b ) 
^ s , j ''1,3 

Thus, t h e average l eakage required i n t h e x - d l r e c t e d a n a l y t i c a l s o l u t i o n i s 
the average y - d i r e c t e d l eakage ; and t h e average l eakage r e q u i r e d i n t h e y -
d i r e c t e d a n a l y t i c a l s o l u t i o n i s t h e average x - d i r e c t e d l e a k a g e . 

To c a l c u l a t e t h e 

[Lk ] and [Lk ] 
X j . y , . 

d , i ^d,3 

terms, straight lines are drawn between the adjacent regions. The following 
expressions are used: 

^^\ ^ '^ 2 V \ ^ - [^ ] + F ([L ] - [L ]" 

r V ^ i , j yi+l,j / j 
( III .18c) 

^^K ^ ^ j l \ ] - [L ] + F ([L ] - [L ] 
^d,j I - i , j - i - i . j+ i y, 1̂  x^^jJ x,^._^J 



41 

^\ {^\ ^ " f̂ x ^ 
^r \ ' ' i , j ' ' l , j + l , 

( I l l . l S d ) 

where 

2^1 •" ^1-1 

Vl ^ \ 

2^1 "̂  ^1+1 

^1 ^ ^1+1 

oh. + h . , 

h. + h . ., 
J J - 1 

, = h "̂  N+1 
y h. + h . . . 

r 3 3+1 

The overal l s teady-s ta te solution procedure i s then: 

a) An accelerated f iss ion source I t e ra t ion i s used to calcula te the eigen
value and eigenfunction. 

b) At each "outer" i t e r a t i o n , Eq. ( I I I .17) i s solved to calculate the 
average f luxes. 

c) Equation ( I I I .16) and i t s counterpart for [L ] are solved to ca lcula te 
the new average leakages. ' l . j 

d) If the two-step method i s being used, Eqs. ( I I I .18c and d) are solved to 
calcula te the [Lk ] and [Lk ] terms, 

""d.i ^d . j 

As can be seen above, the calculat ional sequence at each outer i t e r a t i o n 
involves both an i t e r a t i v e solut ion to determine the average f luxes, and the 
calculation of the leakage terms. The matrix 

h j [ C ^ ] + h ^ [ C y ] + h ^ h ^ [ L ] 
^» J 
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which must be Inver ted a t every ou te r i t e r a t i o n (from Eq. I I I . 1 7 ) i s g e n e r a l l y 
r e l a t i v e l y easy to i n v e r t , e s p e c i a l l y for assembly-sized mesh s p a c l n g s . I t 
i s common t h a t only a few (two or t h r e e ) c y c l i c Chebyshev i t e r a t i o n s a r e r e 
quired t o Inver t t h i s ma t r ix . Therefore, about as much computat ional e f f o r t 
i s expended t o c a l c u l a t e the leakages a t every o u t e r i t e r a t i o n as i s expended 
to Inver t the above matr ix and c a l c u l a t e the average f l u x e s . 

To acce l e r a t e the convergence of t h e o u t e r i t e r a t i o n s f u r t h e r , i t i s 
poss ib le t o use Weilandt ' s method of f r a c t i o n a l i t e r a t i o n s . ^ ^ This method 
i s I l l u s t r a t e d below for a simple problem. Let 

[C] [<)>] = J- [M] [<|)] ( I I I . 1 9 ) 

be an eigenvalue problem. Then choose a value X such t h a t X > X. Then 
1 s s 

sub t rac t j — [M] [(|)] from the above equation t o ob ta in 
s 

([C] - ^ [ M ] ) [*] = (^-f) f̂ ] f*̂  

Next, def ine 

1 
X 

new 

1 
X 

1 
' X ' 

s 

so 

{[C] - f [M]} [*] = ^ [ M ] m ( I I I . 2 0 ) 
new 

Instead of solving Eq. ( I I I . 1 9 ) . we choose t o so lve Eq. (111.20) . This choice 
IS motivated by the following obse rva t ions : 

a) The s p e c t r a l rad ius of t h e Jacobi I t e r a t i o n ma t r ix i s l a r g e r fo r t h e 

{[C] - f [M]} 

then i t i s for t he matr ix [C].12 In f a c t , i n t h e l i m i t of X = X. 
the s p e c t r a l radius of s * 
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{[C] - 1 - [ M ] ) 
s 

i s one . 

b) The dominance r a t i o ( r a t i o of second t o f i r s t e igenvalue) of t h e o u t e r 
I t e r a t i o n ma t r ix i n Eq. ( I I I . 2 0 ) i s lower than t h a t of Eq. ( I I I . 1 9 ) . There
f o r e , al though t h e ma t r ix to be i nve r t ed a t each o u t e r i t e r a t i o n i s more 
d i f f i c u l t i n Eq. ( I I I . 2 0 ) ; i t should r e q u i r e fewer o u t e r I n t e r a t i o n s t o con
ve rge . Therefore , Wei l and t ' s method was implemented i n t o t h e s t e a d y - s t a t e 
s o l u t i o n i n t h e fol lowing manner. At t h e beginning of t h e s t e a d y - s t a t e 
s o l u t i o n , t h e u s e r e n t e r s an e s t ima te of t h e e igenvalue X. This e s t i m a t e i s 
used i n t h e c a l c u l a t i o n of t h e mat r i ces (Appendix A). The search e igenva lue , 
X , i s ob ta ined from 

2^ 
X 

where X i s t h e input e s t i m a t e , and Ŵ  i s a u s e r i npu t va lue (0 <̂  Ŵ  < 1 .0 ) . 
The same va lue of X was kept fo r t h e e n t i r e s t e a d y - s t a t e i t e r a t i o n . The 
convergence of Eq. ( I I I . 2 0 ) was a c c e l e r a t e d by t h e use of Chebyshev polyno
m i a l s . At t h e conclusion of t h e s t e a d y - s t a t e I t e r a t i v e p r o c e s s , t h e e igen 
value X was c a l c u l a t e d from 

1 ^ 1 1_ 
X X ~ X 

new i 

or 

X X 
^ = x^^+X ( I I I . 21) 

new s 

To Investigate what value of W, to use, a variety of runs were made using 
the BIBLIS test problem (Section IV7B.4). Table I shows the results of this 
study. The input eigenvalue estimate was 1.025. Although there are local 
oscillations. Table I demonstrates that the Weilandt iteration is effective 
in reducing the number of outer iterations, and the overall execution time. 

As a result of this and other test problems, it was decided that the 
factor 0.9 should be used for Ŵ . as a general rule. In the case where the 
user does not know to any degree of certainty what the final eigenvalue will 
be, this factor should Insure that X >X. If the eigenvalue is completely 

s 
unknown, a value of 0.75 can be used to be completely safe. 
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TABLE I. Investigation of Weilandt Iteration 

Weilandt 
Factor W, 

0.0 

0.2 

0.4 

0.6 

0.7 

0.8 

0.9 

0.95 

X 
8 

(undef.) 

5.125 

2.56 

1.708 

1.464 

1.280 

1.139 

1.079 

Number of 
Outer Iterations 

47 

48 

41 

44 

35 

33 

23 

22 

Number of 
Inner/Outer 

2 

2 

3 

3 

3 

4 

5 

6 

Execution 
Time (sec) 
(370/195) 

1.044 

1.088 

1.042 

1.077 

0.857 

0.881 

0.665 

0.702 

For the t e s t problems to be shown in Chapter IV, a Weilandt factor of 
W = 0.9 was used. As with the BIBLIS case shown in Table I , t h i s reduced 
the execution time for steady-state solution by as much as 40% for those 
problems. 

D. Time Dependent Solution 

The same techniques used in Section (II.E) are used in two dimensions. 
The approximations (11.35) are used to derive an equation which may be solved 
analytically as was done in the previous sect ion. The time integrat ion method 
used is the fully implicit method. The same solution techniques are used as 
described in References 7 and 8, with one major exception detai led below. 

At each time step of a t ransient , i t has been previously f e l t that the 
coefficient matrices must be re-calculated; since the cross section and [oi] 
terms change during th i s t rans ien t . In Reference 7, i t was shown that th i s 
re-calculation of the coefficient matrices required a large percentage of the 
calculation time of a t ransient ; for some cases up to 55%. If the coefficient 
matrices need only be re-calculated every two or three time s teps , a s ign i 
ficant savings In execution time could be real ized. I t was therefore 
attempted to re-calculate the coefficient matrices every n time steps during 
a transient . The necessary changes to [J^ ] due to external perturbations 

and thermal feedback are made every time s tep . The resu l t s of these studies 
show that the coefficient matrices may be re-calculated every three or four 
time steps without a significant decrease in accuracy. Due to the success of 
this scheme for even a very severe t e s t problem, (see Section IV.C) i t i s 
felt that a re-calculation of the coefficient matrices every 3 time steps i s 
adequate in the general case. 
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IV. RESULTS 

A. Introduction 

In t h i s Chapter, r e su l t s from four s teady-s ta te and one t r ans i en t , two-
dimensional benchmark problems are given. These problems are designed to 
show the accuracy and efficiency of both of the methods developed here . 

B. S ta t ic Benchmark Problems 

Four s t a t i c , two-dimensional, two-group benchmark problems are discussed 
in t h i s Section. They range from a re la t ive ly simple two-region problem to 
a checkerboard-loaded PWR. 

1. Two-Region Test Problem 

This two-region problem f i r s t appeared in Reference 6, which d i s 
cusses f i n i t e element methods. The geometric configuration and macroscopic 
cross sections are presented in that reference. 

In Figure 1, the inverse eigenvalues (1/X) for both the f l a t 
leakage and two-step method are presented. Results are also given for Kang's 
cubic Hermite polynomials. The resu l t s obtained from the two-step method are 
clearly superior to those from the f l a t leakage method for t h i s problem. The 
two-step method and the cubic Hermite method are both able to give very 
accurate resu l t s using a large mesh spacing. For a l l methods, an order of 
convergence i s shown. The two-step method shows a s ignif icant ly higher order 
of convergence than the f la t leakage method; although i t i s doubtful tha t any 
specific order of convergence could be proved mathematically to be expected 
for the nodal schemes. 

AX 

L/4 

L/6 

L/8 

L/16 

Order of 
Convergence 

Cubic 
Hermite 
Method 

1.1134916 

1.140943 

-

-

3.2 

NODAL 

Flat Leakage 

1.1118268 

1.1131629 

1.1136451 

-

2.0 

ANALYTIC METHOD 

Two-Step Leakage 

1.1135889 

1.1140013 

1.1141208 

1.1142363 

2.5 

Fig. 1. Eigenvalues (1/X) for Two-Region Test Problem 
ANL Neg. No. 116-78-182 



46 

2. LRA Benchmark Problem 

This benchmark problem i s r e p r e s e n t a t i v e of a BWR; and forms t h e 
i n i t i a l condi t ions for t he t r a n s i e n t benchmark problem desc r ibed as Benchmark 
Source S i tua t i on BSS-14 of Reference 10 . Figure 2 shows t h e e igenva lues and 
e r ro r s i n t he i n i t i a l power d i s t r i b u t i o n s for both t h e f l a t leakage and two-
s tep leakage methods. For both schemes, t h e maximum assembly power e r r o r s 
are below 3%. The two-step method y i e l d s very accu ra t e r e s u l t s fo r t h i s p r o 
blem; with t h e maximum assembly power e r r o r below 1%. For t h i s problem, t h e 
reference so lu t ion i s taken as a two-step s o l u t i o n us ing a 3.75 cm mesh. 
S teady-s ta te runs using var ious mesh s i z e s have demonstrated t h e accuracy 
of t h i s s o l u t i o n . 

(Normalized Reference Powers and Percent Errors) 

Execution 
Time (sec)* 

2.47 
2.55 

1 

Reference 
Flat 
Two-Step 

0.6122 
-1.1 
-0.2 

0.3995 
-1.8 
-0.4 

0.4402 
-2.6 
-0.8 

Eigenvalue (X) 

0.996360 
0.996944 
0.996553 

0.4240 
-0.6 
-0.1 

0.4067 
-1.6 
-0.5 

0.4130 
-3.0 
-0.8 

0.5524 
0.1 
0.1 

0.4921 
-0.3 
-0.1 

0.4921 
-0.3 
-0.1 

0.5118 
-2.7 
-0.7 

0.8643 
0.4 
0.2 

0.6782 
-0.3 
-0.1 

0.6181 
-0.8 
-0.2 

0.6705 
-0.8 
-0.1 

0.7902 
-1.9 
-0.6 

1.852 
1.9 
0.5 

1.152 
-0.1 
-0.2 

0.8432 
-1.3 
-0.4 

0.7826 
-1.9 
-0.5 

0.9398 
-1.5 
-0.5 

1.386 
-0.1 
0 

2.161 
2.8 
0.8 

2.051 
2.3 
0.7 

1.339 
0.2 
-0.1 

1.022 
-1.1 
-0.3 

0.9667 
-1.8 
-0.5 

1.151 
-1.6 
-0.5 

1.661 
0 
0.1 

1.328 
2.6 
0.6 

1.621 
2.3 
0.6 

1.679 
1.7 
0.4 

1.422 
1.3 
0.4 

1.221 
-0.1 
-0.1 

1.173 
-1.0 
-0.3 

1.281 
-0.9 
-0.2 

1.481 
-1.4 
-0.3 

0.8465 
1.2 
0.2 

0.9716 
1.8 
0.6 

0.9325 
1.6 
0.4 

0.8530 
0.7 
0.2 

0.8268 
-0.3 
-0.1 

0.8672 
-1.0 
-0.3 

0.9242 
-2.0 
-0.5 

*Times measured on IBM 370/168 
Convergence -10 ^ on pointwise flux 

Fig. 2. Power D i s t r i b u t i o n for the LRA Benchmark Problem 
ANL Neg. No. 116-78-158 
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3 . IAEA Benchmark Problem 

This well known benchmark problem i s representat ive of a PWR. The 
geometric configuration and macroscopic cross sections are given in Reference 
7. Figure 3 shows the eigenvalues and errors in the power d i s t r ibu t ions for 
both the f l a t leakage and two-step leakage methods. For the f l a t leakage 
method, the maximum assembly power error i s less than 3%; for the two-step 
leakage method, the maximum error i s l e ss than 2.0%. The eigenvalue i s a lso 
s ignif icant ly Improved by using the two-step approximation. The reference 
solution i s taken from an exptrapolated ser ies of f ini te-dif ference solu
t ions.^ ^ 

(Normalized Reference Powers anci Pel 

Execution Eigenvalue 
Time (sec)** X 

, 32 Reference 1.02959 
^'^^ Flat 1.03001 

Two-Step 1.02970 

Coarse Mesh Size -

0.746 
-2.5 
-0.5 

1.435 
-0,6 
-0.1 

1.308 
-0.2 
-0,2 

20 cm 

1,469 
-1.4 
-0.3 

1.479 
-0.7 
-0.1 

1.454 
0.6 
0.1 

1.192 
-0.3 
-0.1 

1.345 
-0.7 
0 

1.314 
-0,4 
-0.1 

1.210 
0.1 
0.2 

•cent Errc 

0.471 
-1.5 
-0.6 

0.966 
0.6 
0.5 

1,179 
0,8 
0.3 

1,070 
0,2 
0,2 

0.610 
-2.3 
-0,7 

irs)* 

0,585 
0,2 
-0,3 

0,685 
2.8 
1,6 

0.906 
0.8 
0.3 

1.071 
-0.3 
-0.2 

1.036 
-0.4 
-0.3 

0,935 
0,2 
0.1 

0.598 
1,8 
0,7 

0,847 
0,6 
0.1 

0,976 
-0.1 
-0.2 

0,951 
-0,4 
-0.4 

0.934 
0.4 
-0.1 

0,692 
-0,3 
-0,6 

0.736 
0,1 
-0.4 

0.755 
0.1 
-0.7 

*Convergence criteria is 10 ^ on pointwise flux 
**Tlmes measured relative to an IBM 370/168 

Fig. 3. Power Distribution for the IAEA Benchmark Problem 
ANL Neg. No. 116-78-180 

4. BIBLIS Benchmark Problem 

The BIBLIS benchmark problem is representative of a PWR with a 
checkerboard fuel loading. The specific configuration solved is the "rods 
out" configuration. This problem is a very difficult one to solve because 
of the large mesh sizes (23 cm) and the checkerboard fuel loading pattern. 
The geometric configuration and macroscopic cross sections unfortunately can
not be published due to company confidentiality restrictions. 



48 

Figure 4 contains t h e eigenvalues and e r r o r s i n power d i s t r i b u t i o n 
for both the f l a t leakage and two-step leakage methods. For t h i s problem, 
the f l a t leakage r e s u l t s a re not accep tab le ; with e r r o r s i n assembly powers 
as l a rge as 8.9%. The two-step method, however, provides accep tab ly a c c u r a t e 
r e s u l t s ; with t h e maximum e r r o r i n assembly power being 4.0%. 

(Normalized Reference Powers and Percent E r ro r s )* 

Executio 
Time (sec 

1.57 
1.66 

1.090 
-4.7 
-1.9 

n 
)** 

Refer 
Flat 
Two-S 

1.117 
-3.9 
-1.6 

1.101 
-4.8 
-2.2 

Eigenvalue 
X 

•ence 1.02512 
1.02585 

tep 1.02549 

1.122 
-3.2 
-1.2 

1.133 
-3.9 
-1.8 

1.242 
-3.2 
-1.4 

1.161 
-0.9 
-0.2 

1.104 
-2.8 
-1.3 

1.223 
-2.8 
-1.1 

1.220 
-3.4 
-1.6 

1.124 
2.1 
1.1 

1.039 
-0.4 
-0.3 

1.120 
-1.1 
-0.3 

1.067 
-2.9 
-1.4 

1.088 
-2.8 
-1.0 

1.202 
8.9 
4.0 

0.9942 
4.5 
1.9 

0.9509 
1.2 
0.8 

0.9232 
-1.3 
-0.7 

1.032 
-1.4 
-0.5 

0.9812 
-2.1 
-1.0 

0.6863 
8.8 
3.1 

0.8765 
7.7 
3.5 

0.7653 
1.9 
0.9 

0.9308 
0.5 
0.4 

1.071 
0 
-0.2 

1.094 
-0.3 
-0.3 

0.5459 
4.5 
2.4 

0.8240 
2.9 
1.2 

0.9694 
0.8 
0.1 

1.013 
0.6 
0 

*Convergence c r i t e r i a i s 10 ^ on pointwise f lux 
**Times measured r e l a t i v e to an IBM 370/168 

Fig. 4 . Power D i s t r i b u t i o n for the BIBLIS Benchmark Problem 
ANL Neg. No. 116-78-181 

5. Summary of S t a t i c Benchmark Problems 

An examination of Figures 1 through 4 show t h e fol lowing genera l 
t r ends : 

a) The two-step method provides c o n s i s t e n t l y b e t t e r r e s u l t s than t h e f l a t 
leakage method. 

b) The two-step method genera l ly r equ i r e s no more than a 20% i n c r e a s e i n 
execution time over t h e f l a t leakage method. 
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c) The two-step method provides resu l t s of acceptable accuracy for a l l the 
t e s t cases shown here. 

C. Transient Benchmark Problem 

The t rans ient benchmark problem described here i s Benchmark Source Si tu
ation BSS-14 of Reference 10. The geometric configuration and macroscopic 
cross sections are given in Reference 10. For t h i s problem, three solutions 
are provided: 

a) Coarse-mesh solut ion using f l a t leakage approximation 
b) Coarse-mesh solution using two-step leakage approximation 
c) Reference solution using two-step leakage approximation. 

The t ransient consists of the ramp removal of a rod over 0 < t < 2.0 sec. 
Adiabatlc fuel temperature feedback i s included; i t modifies the fas t group 
absorption cross sect ion. The solution i s followed to 3.0 seconds. 

The reference solution for t h i s t ransient has been calculated using the 
two-step method using a 7.5 cm mesh. Steady-state r esu l t s show that t h i s 
solution has an eigenvalue error of 0.005% and a maximum error i n assembly 
power of 0.3%. The reference solution required 2600 time steps to insure that 
the temporal truncation error was small. The following time domains were used: 

1) 200 steps with AT = 0.005 sec 
2) 600 steps with AT = 0.0005 sec 
3) 1200 steps with AT = 0.00025 sec 
4) 400 steps with AT = 0.001 sec 
5) 200 steps with AT = 0.005 sec 

The matrices were calculated every time s t ep . Figure B.l shows the assenbly 
powers and temperatures at various times during the t r ans i en t . The core 
average powers and temperatures are also shown. 

The coarse mesh solutions were calculated using a 15 cm mesh. The 
steady-state resi i l ts for both the two-step and f l a t leakage methods are given 
in Figure 2 . The coarse mesh solutions required 1000 time s t eps . The fo l 
lowing time domains were used for both coarse mesh solut ions: 

1) 100 steps with AT = 0.01 sec 
2) 300 steps with AT = 0.001 sec 
3) 400 steps with AT = 0.0005 sec 
4) 100 steps with AT = 0.005 sec 
5) 100 steps with AT = 0.01 sec 

For both coarse mesh solut ions , the coefficient matrices were re-calculated 
every four time s teps . Figure B.2 shows the assembly powers and temperatures 
at various times during the t ransient for the two-step leakage method. Fig
ure B.3 shows the assembly powers and temperatures at various times during 
the t rans ient for the f l a t leakage method. 

Several runs were made to explore the errors introduced by re-calcula t ing 
the coefficient matrices every four time s t eps , ra ther than every time s t ep . 
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The error in global parameters, such as t o t a l power, i s small; generally 
being 0.6% or l e s s . Errors in individual assembly powers were generally l e s s 
than 1%. 

Table I I compares the three solutions for some key parameters during the 
t rans ient . The two-step leakage method i s seen to provide acceptably accurate 
resul ts for th is problem. Table I I I contrasts the resu l t s from a number of 
investigators against the two-step leakage method and the reference solut ion. 
The execution time for the two-step leakage method (210 sec on IBM 370/168) 
compares well with those of the CUBBOX** code (180 sec on IBM 360/91) and 
the IQSBOX̂  code (255 sec on CYBER 175^°). The solutions obtained by the 
two-step method in Figure B.2 compare well with the solutions presented from 
the CUBBOX and IQSBOX codes presented in Reference 10. 

TABLE II. Summary of Results for BWR Kinetics Benchmark Problem 

Coarse Mesh 
a 

Analytic Solution 
(Flat Leakage) 

Coarse Mesh 
a 

Analytic Solution 
(Two-Step) 

Reference 
Solution 

1) Time to first peak (sec) 1.403 

2) Mean Power at first peak (w/cc) 5567 

3) Time to second peak (sec) 2.0 

4) Mean Power at second peak (w/cc) 825 

5) Maximum assembly power error at t=0.0 3.0 
sec (%) 

6) Maximum temperature at t=3.0 sec (°K) 3261 

7) Average temperature at t=3.0 sec (°K) 1155 

8) Number of time steps 1000 

9) Execution time (sec) on 370/168 185 

a 
Coarse mesh solution use 15 cm mesh. 

Reference solution is 2-step method with 7.5 cm mesh. 

1.426 

5552 

2.0 

815 

0.8 

3112 

1127 

1000 

210 

1.436 

5411 

2.0 

784 

0.3 

2948 

1087 

2600 

4152 

Figure 5 shows the mean power versus time for the reference solut ion. 
The power i s observed to r i s e over ten orders of magnitude, u n t i l the tempera
ture feedback provides enough excess reac t iv i ty to hal t the power Increase. 
The power osci l la t ion i s typical of kinet ics problems with temperature feed
back . 

Fxgure 6 compares the mean powers for the reference solution ( c i r c l e 
symbol o) and the two-step leakage solution (square symbol o) over the i n t e r 
val 1.3<t<.2.0 sec. This figure shows that the two-step method provides 
acceptably accurate r e su l t s . 

The efficiency of the methods developed in t h i s report can be best demon
strated by contrasting them with f i n i t e difference methods. For t h i s problem 
a mesh-centered f in i te difference code such as MEKINI** requires a (6 x 6) 
mesh within each 15 cm assembly to achieve a maximum error of 5% in the 
steady-state power d is t r ibut ion Inside each assembly. Therefore, for 1000 
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TABLE 111. Comparison of Results for BWR Test Problem 

Number of 
Time Steps 

CPU Time (sec) 
(Computer) 

Time to first 
peak (sec) 

Power at first 
peak (MW) 

Time to second 
peak (sec) 

Power at second 
peak (MW) 

Average Temp, 
at 3.0 sec (°K) 

Maximum Temp, 
at 3.0 sec (°K) 

4 
Werner 

1200 

180 
360/91 

1.421 

5734 

2.0 

800 

1070 

2925 

3 
Finnemann 

522 

255 
CYBER 175 

1.445 

5451 

2.0 

800* 

1100* 

2989 

Shober 

1000 

210 
370/168 

1.426 

5552 

2.0 

815 

1127 

3112 

Sims 

1300 

1014 
370/168 

1.432 

5760 

2.0 

840 

1142 

3163 

Reference 

2600 

1661 
370/195 

1.436 

54 U 

2.0 

784 

1087 

2948 

Approximate 

BNR TEST PROBLEM - REFERENCE SOLUTION 

O'OOO 0-37S 0'7S0 1'12S 1-500 1'87S 

TIME (SEC) 
2-250 2-625 

Fig . 5. Reference Solu t ion Mean Power Versus Time 
ANL Neg. No. 116-78-157 

3-000 
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BNR TEST PROBLEM - REFERENCE AND CORPSE MESH RESULTS 
o_. 

o_ 
to 
I— 

O; O. 
OJ — 
3 
O 
Q_ 

Q: 

f-o. 
cr 
LJ 

aj= 

0 Reference Solution 

° Coarse Mesh Solution 

1-2 1-3 1-4 1-5 1-6 1-7 

TIME (SEC) 
1-8 1-9 

— I 
2-0 

Fig. 6. Reference and Coarse Mesh Solut ion Mean Power Versus Time 
ANL Neg. No. 116-78-156R1 

times s t e p s , MEKIN would r equ i re 57 minutes of computing t ime on an IBM 
370/168. In add i t ion , MEKIN uses a s emi -exp l i c i t time i n t e g r a t i o n method 
which usua l ly r equ i res s u b s t a n t i a l l y smal ler time s teps fo r equ iva len t 
accuracy than the f u l l y - i m p l i c i t method used h e r e . Therefore , t h e two-s tep 
method i s between 20 and 60 times more e f f i c i e n t than a convent ional f i n i t e 
dif ference code such as MEKIN. 
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SUMMARY 

A. Summary of Results 

The t e s t problem resu l t s shown in t h i s report demonstrate the accuracy 
and efficiency of the methods developed here . In general, the two-step leak
age method produced acceptably accurate resu l t s for a l l the t e s t problems 
presented here . In addit ion, the execution times were comparable to other 
highly successful nodal methods which have been reported in the l i t e r a t u r e . 

B. Further Developments 

Up to the present time, very little work has been done towards applying 
nodal schemes to the analysis of fast reactors. Fast reactors have generally 
larger diffusion lengths; thus finite difference methods are more effective 
in their analysis than for LWR's. However, demands of multidimensional fast 
reactor analysis make investigation into the application of nodal methods 
potentially fruitful. 

A brief study of the algebra in Appendix A demonstrates clearly why the 
method developed in this report is restricted to one- or two-energy groups. 
There are, however, several different techniques for the possible extension 
of this method to multigroup problems. 

Equation (11.30) is a very general equation, evidenced by the fact 
that it was obtained from both the response matrix and the analytic solu
tion techniques. If other, more indirect means were available for deter
mining the matrices [A „] and [B ], the method could be extended in a 

i, / 1,1 
straightforward manner. One possible technique would be to diagonalize the 

[N.]h^ 
matrix e ; another possible technique is to use some form of table look
up. The dlagonallzatlon of the above matrix might prove to be difficult, 
since the eigenvectors and eigenvalues of [N ] would be required. Another 
drawback of this scheme is that the resultant equations would have more exten
sive coupling than that of finite difference methods. This was briefly 
discussed in Section II.D. 

Another approach is to solve analytically the one-dimensional diffusion 
equation for only one group at a time. Let us rewrite Eq. (II.l) as follows: 

dx "gW 5;; •gW * ^i <=" V ^ • %<•" " • " 

where S (x) contains the fissioning and scattering terms into group g. 
g 

Equation (V.l) could be solved analytically using the same techniques as shown 
in this report, provided the functional form of S (x) were known. It is 
doubtful that as simple a form as the flat or even the two-step approximations 
would be adequate. However, due to the success in Reference 11, a quadratic 
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function may be sufficiently accurate. The technique for generating t h i s 
quadratic i s a subject of future invest igat ion. The advantage of a scheme 
such as th i s would be that the coupling relat ionship between adjacent average 
fluxes would be the same as in conventional f in i t e difference methods. 

A number of other improvements are currently under inves t igat ion. 
Researchers at the Massachusetts Ins t i tu t e of Technology^^ are currently 
implementing a quadratic transverse leakage approximation as done i n Refer
ences 3 and 5. Such a method would be highly accurate, but may suffer in 
execution time. They are also investigating methods of solving the steady-
s ta te equations using Weilandt's I t e ra t ions . This i s being explored so that 
the method can be adapted to use a quasis ta t ic treatment of the time depen
dence. 

The similari ty of the response matrix and analyt ic solution derivations 
points out the considerable promise of research into the overal l re lat ionships 
of the nodal methods currently being investigated. Much work has been begun 
by Weiss.^^ Further investigation into these subjects wil l doubtlessly be 
very f ru i t fu l . 



55 

References 

1. A. F. Henry, Nuclear^Reactor Analysis (Cambridge, Mass: MIT P r e s s ) , 1975. 

2 . J . R. Lamarsh, Nuclear Reactor Theory (Reading, Mass; Addlson-Wesley), 
1966. 

3 . H. Finnemann, F. Bennewitz, M. R. Wagner, " I n t e r f a c e Current Techniques 
for Mult idimensional Reactor C a l c u l a t i o n s , " Atomkemenergie, Vol . 30, 
No. 2 , p . 123 (1977). 

4. S. Langenbuch, W. Maurer, W. Werner, "Coarse-Mesh Flux-Expansion Method 
for t h e Analysis of Space-Time Effec ts i n Large Light-Water Reactor 
Cores , " Nucl. S c i . Eng. 63 , p . 437 (1977). 

5. R. Sims and A. F. Henry, "Coarse Mesh Nodal Method Based on Response 
Matr ix C o n s i d e r a t i o n s , " T rans . Am. Nucl . Soc. _24_ (1976). 

6. C. M. Kang and K. F. Hansen, " F i n i t e Element Methods fo r Reactor 
A n a l y s i s , " Nucl . S c i . Eng. 5 1 , pp . 456-495 (1973). 

7. R. A. Shober and A. F. Henry, "Nonlinear Methods for Solving t h e Diffu
s ion Equat ion ," MITNE-196, Massachusets I n s t i t u t e of Technology, 
Cambridge Mass. (November 1976). 

8. R. A. Shober and A. F. Henry, "An Approximate A n a l y t i c a l Method f o r 
Determining Nodal F l u x e s , " Trans . Am. Nucl . Soc. 24, p . 192 (1976). 

9. R. A. Shober, R. N. Sims, A. F. Henry, "Two Nodal Method for Solving 
Time-Dependent Group Diffusion Equa t ions , " Nucl. S c i . Eng. 64, p . 582 
(1977). 

10. Argonne Code Center : Benchmark Problem Book, ANL-7416, June 1977 (Supple
ment I I ) . 

11 . K. Aoki and M. T s u i k i , "A New Method for t h e Numerical So lu t ion of t h e 
Two-Dimensional Neutron Diffusion Equa t ion ," Nucl. S c i . Eng. 57, pp . 5 3 -
62 (1975). 

12. E. L. Wachpress, " I n t e r a t l v e Solu t ion of E l l i p t i c Systems," ( P r e n t i c e -
H a l l , 1966), p . 8 3 . 

13 . G. K. K r l s t l a n s e n , " I n v e s t i g a t i o n of t h e Accuracy of Cen te rpo in t - , 
C o m e r p o i n t - , and F i n i t e Element Methods for Solu t ion of t h e Neutron 
Diffusion Equa t ion , " RP-3-76/NEACRP-L-189. 

14. R. W. Bowring, J . W. S tewar t , R. A. Shober, R. N. Sims, "MEKIN: MIT-
EPRI Nuclear Reactor Core K ine t i c s Code," CCM-1, Research P r o j e c t 227, 
E l e c t r i c Power Research I n s t i t u t e (September 1975). 

15. A. F. Henry, p r i v a t e communications (1978). 

16. Z. Weiss, "Some Basic P r o p e r t i e s of t h e Response Matr ix E q u a t i o n s , " Nucl . 
S c i . Eng. 63 , pp . 457-492 (1977). 



56 



57 

APPENDIX A 

CALCULATION OF MATRICES 

In the derivation of the computing equations, the following matrices are 
required: 

[F^] 

= (tanh[N^]h^/2) 

= (slnh"-'-[N^]h^)[N^]h^ 

= - (slnh~-^[N^]h^)h^ + [N^]"^ 

= [N^]"-^ (j) (tanh[N^]h^/2) 

• | [ I ] - tanh[N^]h74)2 

element (1,2) 

element (1,1) 

element (1,2) 

element (1,2) 

Assume region R. (x. f̂  x <̂  ̂ l+i^ ^^ homogeneous. In two groups, we can 
write the diffusion equations: 

D 1 dx^ - ^1 X ̂ ^i 

D 2 dx^ ^2 

•{•̂ (x) 

<l'2(x) 

where ̂ 1 ^T, ~ X ̂ H 

= 0 (A.l) 

We seek par t i cu la r solutions such that 

dx2 
0 

d2 
dx2j 

• " 

^^M 

^2^^) 

-B^ 0 

0 - B 2 

'(•^(x) 

'1>2W 

(A. 2) 

We find that the numbers B^ must be chosen such that 
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-^/ -1, 

K 

hK 1 

-V - \ 

<l> (̂x) 

,(x) 

= 0 (A. 3) 

Therefore, t h e determinant of the coe f f i c i en t mat r ix i n Eq. (A.3) must van i sh . 
We find tha t t he re are two and only two va lues of B^ which s a t i s f y Eq. (A.2) . 
These va lues , designated <^ and -y^ , a r e defined a s : 

2 = i (zL + "2. 

2D, , XD^D^ (A.4) 

1 fh , h 
°/°2, 

+ 2D, , AD^D^ (A. 5) 

In the special case where v'l 
expressions 

h 

0, we arrive at the following simple 

(A. 6) 

(A. 7) 

In Eqs. (A.4) and (A. 5), u^ is always positive, and K^ can be either nega

tive or positive. If v L = 0, K2 is always negative. 
2 
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Next, let us define 

y 
2 *2 ''l 

R(B^) = T^ = ^ 
9 
1 D2B2+^2 

(A. 8) 

so we also define 

R(K ) H r 

R(-P^) = s 
(A.9) 

Therefore, the general solution to Eq. (A.l) is: 

<^^M 

<l'2(x) 

= a. 

+ a„ 

sin Kx + a. 

sinh yx + a, 

cos KX 

cosh MX 

or 

•f-j^Cx) 

'l>2(x) 

1 1 a sin KX + a cos KX 

r s a-sinh ]xx + a cosh vix 

(A.10) 

The corresponding current vector is 

J]L(X) 

J^i^) 

-^fe*l(-> 

-°2d^*2(^> 
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-̂ 1 - ^ 

-D2r -D2S 

a.. K cos KX - a^ K sin x 

a y cosh yx + a y sinh yx 

Therefore, write the total flux-current vector as 

[$(x)] = col { ())ĵ (x), (|)2(x), Jj^(x), -12̂ ''̂ } 

1 

r 

0 

0 

1 

s 

0 

0 

0 

0 

-°1 
-D2r 

0 

0 

-°1 
-D2S 

s i n KX 

0 

KCOS KX 

0 

COS KX 

0 

- K S l n KX 

0 

0 

sinh yx 

0 

y coshyx 

0 

cosh yx 

0 

y s inh yx 

\ 

^2 

^3 

. \ 

= [E] [F(x)] [A] 

where 

[A] = col jâ ,̂ a^, a^, â  | 

Therefore we write the above equation as 

[$(x)] = [E] [F(x)] [A] (A.11) 

Both the matrices [E] and [F(x)] have inverses. They are 

[E] 
1 

s - r 

s 

- r 

0 

0 

- 1 

1 

0 

0 

0 

0 

s 

' \ 
r 
D, 

0 

0 

1 

°2 

D., 
2-' 
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[F(x)] -1 

sin KX 

cos KX 

0 

0 

0 

0 

-sinh yx 

cosh yx 

K 

_ 1 
K 

COS 

sin 

0 

0 

KX 

KX 

0 

0 

1 . 
—cosh yx 
u 

- —sinh y 

The coefficients in the general expansion are then given by 

[A] = [F(x)]"-^ [E]"-^ [$(x)] (A.12) 

If a homogeneous region extends from x̂  and x , we may find [$(x )] in 
terms of [$(x )] by applying Eq. (A.ll) for x = x, and Eq. (A.12) for 
X = x„. Thus 

[$(x^)] = [E] [F(x^)] [F(X2)]"^ [E] ̂  [$(X2)] (A.13) 

Defining h = x^ ~ ̂ i» multiplying out and rearranging, we have [G(h)] = 
[F(x^)] [F(x2)r^ 

cos Kh 

0 

K sin Kh 

. 0 

0 

cosh yh 

0 

- y sinh Kh 

sin K 
K 

0 

cosh Kh 

0 

h 0 

sinh yh 

0 

cosh yh 

Therefore 

[$(x^)] = [E] [G(h)] [E]"^ [$(X2)] (A.14) 

Comparing Eq. (A. 14) to Eq. (11.23), we see 

[N ]h 
[*(x̂ )] = e ^ ^ [*(X2)1 
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so 

[N ]h 
e ^ ^ = [E] [G(h)] [E] i ' " l , - , . - _ , - l (A.15) 

We can s p l i t Eq. (A.15) i n to sub-blocks: 

[N.]h^ E 0 
11 

0 E 22 

G^^(h) G^2(h) 

G2^(h) G22(h) 

=û  

0 E, 

0 

- 1 
'22 

Now, we must eva lua te c e r t a i n express ions . Use t h e i d e n t i t i e s 

sinh X = 
1 / X -X. 
J (e - e ) 

we know 

-[N ]h . _ 
e ' • ' • = [ £ ] [G(-h)] [E] •" 

Therefore 

sinh [N.]h. = [E] j j [G(h)] -j- [G(-h) I [E] ^ 

^11 0 

0 E 22 

0 

0 

0 

0 

K s in Kh 0 

0 -y s inh yh 

s i n Kh 
K 

0 

0 

0 

s inh yh 

0 

0 

n̂̂  0 

0 E - 1 
22 

(A.16) 

o r . 
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sinh [N^]h^ = 

E 0 
11 

0 E, 22-' 

0 ^ 2 ^ ^ ^ 

L.H2i(h) 0 

Cl °-

0 E22J 

(A17) 

Next, use the identity 

tanh X = (e^ + e"^)"' (e^ - e"^) 

or 

tanh[N.]h. = {[El /[G(h)] + [G(-h)]j [E]"^) 

• {[E] ([G(h)] - [G(-h)l j [E]'^) 

The inverse i s 

= [E] ([G(h)l + [G(-h)lj [E] 
- 1 

or 

- l \ r ^ - . - l 
tanh[N.]h. = [E] ([G(h)] + [G(-h)l-^j [E] 

. [E] ([G(h)] - [G(-h)]j [E] 

= [E] [G(h)l + [G(-h)] 
-11 

. [G(h)] - [G(-h)l 1 [E] 
- 1 
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[G(h)] + [ G ( - h ) ] = 

2 cos 

0 

0 

0 

Kh 0 

2 cosh yh 

0 

0 

0 

0 

2 c o s Kh 

0 2 

0 

0 

0 

cosh yh 

T h e r e f o r e 

l - l [G(h)] + [ G ( - h ) ] [G(h) ] - [ G ( - h ) ] 

0 

0 

K t a n Kh 

0 -P 

0 

0 

0 

t a n h Ph 

K 

0 

0 

0 

0 

t anh yh 

0 

0 

so 

= [ J ( h ) ] 

t a n h [ N . ] h . 
1 1 

^1 ° 

0 E. 
22j L 21 

0 J^2^h^ 

J o . ( h ) 

hi " 
0 E 

- 1 
22-1 

(A.18) 

From r e l a t i o n s h i p s Eq. (A.17) and ( A . 1 8 ) , we can d e t e r m i n e t h e r e q u i r e d 
m a t r i c e s . 

1) t a n h [ N . ] h . / 2 
1 1 

11 

0 E, 

2 

0 

2 2 . 

0 

J 2 i ( h / 2 ) 

e l e m e n t 1 , 

-I^2<h/2)" 

0 

2 

•hi 

0 
^22 J 

The 1,2 element is 



= [\^] [J^2^^/2)] [E22] 
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Let [A^ 2̂  = the 1,2 element of tanh[N.]h /2 then 
1 1 

[*:.2J " s-r, 

s tan Kh/2 _ r tanh yh/2 
KD, MD. 

'rs tan Kh/2 rs tanh yh/2l 
KD, MD. 

tan Kh/2 _|_ tanh yh/2] 
KD2 yD2 j 

r tan Kh/2 ^ s tanh yh/2 

KJ)2 WD2 

2) (sinh"-'^[N^]h^)[N^]h^ element 1,1 denote this as [B ]. 
1 » l 

IB^J -

"u " 

L 0 E.,.,J 
22 

r 0 H"^(h)-| rE.} 0 1 
21 

H^2(h) 0 J 

I 

11 

L 0 E-^ J LN^^ 

r 0 N 
12 

0 J 

t^.il - '^ii' '"n''^' [̂ 22' '"211 

when multiplied out, this becomes 

t^li' - s-rj 

(KS CSC Kh - yr csch yh) 

(srK CSC Kh - sr y csch yh) 



66 

(- K CSC Kh + y csch yh) 

(- Kr CSC Kh + ys csch yh) 

(A .20) 

3) [ D " ] ( s inh"-^[N^]h^)h^ + [ N ^ ] " ^ 

[D^] = -
^ 1 1 ' 

0 E 22-1 

H2^(h)-

LH^2^h) 

'hi 

( e l e m e n t 1 ,2 ) 

0 

0 E 
- 1 
22-1 

^21^^ 

L^12 

l̂ bl = - [ E ^ J [ H 2 j ( h ) ] [E-^] h . 4 - [ N ^ ^ ] - ^ 

u s e t h e r e l a t i o n s h i p 

[N2,] 
- 1 

r i 

7^ 

1 1 

s 

[E22] 

so 

^ 2 ^ = < -h^[E^^] [H2j;(h)] + 
^ 

s 

[E22] 
- 1 

when t h i s i s e x p r e s s e d , i t becomes 
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[D-1,2̂  

V, 
1 
s-r 

CSC Kh 

K 

r CSC Kh 

K 

csch yh 
y 

s csch yh 
P 

s 

r 

1 
D 

1 
D 
2 -• 

s-r 

^ 

1^ 

V 

s 

s 

r_ 
D, 

1_ 
D, 

"2 J 

(A.21) 

4) [F̂ ] = [N]-^(iVtanh[N.]h^/2)) ![I] " tanh[N. ]h./4J 

element (1,2) 

[F̂ l = T 
N 

0 N 

-1 
12 

-1 
21 

0 

11 
0 E 

0 

22 

â _,(h/2) 

J,_,Ch/2) 

-J,_,(h/4) 

-J^.iC/M 

-J^_,(h/4) 

-J2_,Ch/4) 

'11 

0 ^2^2 

Element 1,2 

t^i.2i t̂ 2,ll'' ̂ ^2.2^ [J2.l(̂ /2)] [J,̂ 2(̂ /̂ ^̂  '̂ 22̂  

writing out this matrix and defining 

h h 
p = tan K y tan K -̂  
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h ^ h 
P = t a n h y y t a n h y -^ 

t4.2^ 
1 

s-r 

^ • • a 

. / 

rsP 

D . K 

rsP2 

h 

'h 

+ 

+ 

'z 

" / 

'h 

(A.22) 

( n o t e i f K = IK ( i m a g i n a r y ) . 

P^ = - ( t a n h K j) ( t a n h K - ) ) 

N e x t , t h e s e fo rmulas have s p e c i a l forms i n t h e r e f l e c t o r . Note i f 

vJ = 0 , t h e n &*«. So we e v a l u a t e E q s . (A .19-A.22) by u s i n g 
2 

L ' H o p l t a l ' s r u l e . 

'4.2J • 

h 
t a n K — 

KD, 

r t a n K — r t a n h y — 
2 ^2 

KD, PD, 

t a n h y -

~ y D T 

(A.23) 

t̂ .l̂  = \ 
K CSC K h 

(rK CSC Kh - ry c s c h yh) (y c sch yh ) 

(A.24) 
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t^i'.a^ 

h CSC Kh 

hr CSC Kh , hr csch uh 
D̂ K V 

h csch wh 
D ŷ 

D̂ K 

'̂  + ^ 2 ' 2 
D ŷ 

(A.25) 

^ ^ . 2 ^ 

D̂ K 

rP, rP, 

„ 2 „ 2 
V 

(A. 2 6) 

N e x t , I n e e d t o e v a l u a t e t h e s e e x p r e s s i o n s f o r t h e o n e - g r o u p c a s e . The 
f o l l o w i n g r e s u l t s a r e o b t a i n e d 

K r e a l K i m a g i n a r y 

1^1.2^ 
1 ,- h 

5E ' ^ ^ 2. 

1 .. u h 
-— t a n h K — 
DK 2 

'°i.ii = Kh CSC Kh Kh c s c h Kh 

•"1 ,2 ' 
h c s c Kh 

DK DK' 

h c s c h Kh 1 

DK •'" DK^ 

f^l,2J 
r { s e c K J - 1 ) I {sech K J - 1) 
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where 

and 

I 
K = - — 

D 

I = ^ T - ^ ' ^ f 
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APPENDIX B 

RESULTS OF BWR TEST PROBLEM 

BiR TEST PROBLEM - BEFEBENCE SOLOTION 

NCBHALIZEO ISSESBLI POiEBS AT T= 0 . 0 

HEAD POHEB DENSITY^ 0 . 9 9 9 9 9 8 5 E - 0 6 AVEBAGE FOEL TE(IPEEATOBE= 0 . 3 0 0 0 0 0 E 03 

9 

8 

7 

6 

5 

4 

3 

2 

1 

FJ 

0.9230 
300. 

1.'»796 
300. 

1.6611 
300. 

1.3854 
300. 

0.7891 
300. 

0.5110 
300. 

0.4123 
300. 

0 .4395 
300 . 

0 .6118 
300. 

1 

Lg. B . l . 

0.8666 
300. 

1.2805 
300. 

1 . 1494 
300. 

0.9387 
300. 

0.6702 
300. 

0.4900 
300. 

0.4063 
300. 

0. 3991 
300. 

0.4395 
300. 

2 

0.8266 
300. 

1.1720 
300. 

0.9656 
300. 

0.7817 
300. 

0.6178 
300. 

0.4919 
300. 

3.4238 
300. 

0.4063 
300. 

0.4123 
300. 

3 

0.8532 
300. 

1.2210 
300. 

1.0215 
300. 

0.8425 
300. 

0.6780 
300. 

0.5524 
300. 

0.4919 
300. 

0.4900 
300. 

0.5110 
300. 

4 

0.9333 
300. 

1.4229 
300 . 

1.3390 
300. 

1. 1516 
300. 

0.8646 
300. 

0.6780 
300. 

0.6178 
300. 

0.6702 
300. 

0.7891 
300. 

5 

BWR T e s t Prob lem Resu l ts -

0.9727 
300. 

1.6806 
300. 

2.0541 
300. 

1.8543 
300. 

1.1516 
300. 

0.8425 
300. 

0.7817 
300. 

0.9387 
300. 

1.3854 
300. 

6 

0.8478 
300. 

1.6234 
300. 

2. 16 49 
300. 

2 .0541 
300. 

1.3390 
300. 

1.0215 
300. 

0.96 56 
300. 

1.1493 
300. 

1.6611 
300. 

7 

0.0 
300. 

1.3319 
300. 

1.6234 
300. 

1.6806 
300. 

1.4229 
300. 

1.2210 
300. 

1.1720 
300. 

1.2805 
300. 

1.4796 
300. 

8 

Reference S o l u t i o n 

0.0 
300 . 

0.0 
300. 

0.8476 
300 . 

0.9727 
300. 

0.9333 
300 . 

0.8532 
300. 

0.8266 
300 . 

0.8666 
300. 

0.9230 
300. 

9 

ANL Neg. No. 116 -78 -176 

ENB TEST PBOBLEH - BEFEBENCE SOLDTION 

NOBBALIZED ASSEMBLY POHEBS AT T= 0 . 4 0 0 E 00 

;NSITY= 

0.8455 
300. 

1.3 541 
300 . 

1.5187 
300. 

1.2660 
300 . 

0.7214 
300 . 

0 .4666 
300. 

0 .3753 
300. 

0 .3979 
300. 

0 .5520 
300 . 

0.1386163E-05 AVEBAGE FUEL 

0.8022 
300. 

1.1842 
300. 

1.0615 
300. 

0.8665 
300. 

0.6190 
300. 

0.4520 
300. 

0.3730 
300. 

0.3641 
300. 

0 .3991 
300. 

0.7823 
300. 

1.1095 
300. 

0.9145 
300. 

0.7403 
300. 

0.5842 
300. 

0.4628 
300. 

0.3953 
300. 

0.3756 
300 . 

0.3793 
300. 

0.8324 
300. 

1.1942 
300. 

1.0024 
300. 

0.8274 
300. 

0.6623 
300. 

0.5332 
300. 

0.4674 
300 . 

0 .4595 
300. 

0.4760 
300. 

TEHPEBATDBE= 0. 

0.9389 
300. 

1.4387 
300. 

1.3624 
300. 

1.1727 
300. 

0.8722 
300. 

0.6705 
300. 

0.5962 
300. 

0.6345 
300. 

0.7409 
300. 

1.0049 
300. 

1.7494 
300. 

2.1535 
300. 

1.9446 
300. 

1.1937 
300. 

0.8502 
300. 

0.7631 
300. 

0.8936 
300. 

1.3055 
300. 

300000E 03 

0.8977 
300. 

1.7424 
300. 

2.3526 
300. 

2. 2314 
300. 

1.4255 
300. 

1.0475 
300. 

0.9512 
300. 

1.0994 
300. 

1.5700 
300. 

0.0 
330. 

1.4839 
330. 

1.8911 
300. 

1.9498 
300. 

1.5533 
300. 

1.2650 
300. 

1.1613 
300. 

1.2304 
300. 

1.4026 
300. 

0.0 
300. 

0.0 
300 . 

1.0264 
300. 

1.1617 
300. 

1.0324 
300 . 

0.6889 
300 . 

0.8218 
300 . 

0.8351 
300. 

0.8770 
300 . 

1 2 3 4 5 6 7 

F i g . B . l . (Con td ) ANL Neg. No. 116 -78 -177 
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BWfi TEST FBCBLEH - BEFEBENCE SOLUTION 

NOBMALIZED ASSEMBLY POWEBS AT T= 0 . 8 0 0 E 00 

MEAN PONEB DENSITY= 0 . 3 0 9 8 0 7 4 E - 0 5 AVEBAGE FUEL TEMPEBATOBE^ 0 . 3 0 0 0 0 0 E 03 

0.7351 
300. 

1. 1754 
300. 

1.3157 
300. 

1.0961 
300. 

0.6250 
300. 

0.4040 
300. 

0.3227 
300. 

0.3387 
300. 

0.4670 
300. 

0.7104 
300. 

1.0470 
300. 

0.9362 
300. 

0.7637 
300. 

0.5460 
300. 

0.3979 
300. 

0.3256 
300. 

0. 3141 
300. 

0.3416 
300. 

0.7192 
300. 

1.0204 
300. 

0.8417 
300. 

0.6614 
300. 

0.5363 
300. 

0.4215 
300. 

0.3548 
300. 

0.3321 
300. 

0.3323 
300. 

0.8027 
300. 

1.1558 
300. 

0.9750 
300. 

0.8057 
300. 

0.6399 
3 00. 

0.5059 
300. 

0.4326 
300. 

0.4161 
300. 

0.4262 
300. 

0.9466 
300. 

1.4606 
300. 

1.3954 
300. 

1.2025 
300. 

0.8827 
300. 

0.6599 
300. 

0.5655 
300. 

0.5837 
300. 

0.6723 
300. 

1.0504 
300. 

1.8469 
300. 

2.2942 
300. 

2.0724 
300. 

1.2533 
300, 

0.8609 
300. 

0.7366 
300. 

3.6294 
300. 

1.1919 
300. 

0. 9665 
300. 

1.9113 
300. 

2.6165 
300. 

2.4623 
300. 

1.54 79 
300. 

1.0842 
300. 

0.93 07 
300. 

1.0263 
300. 

1.4404 
300. 

0.0 
300. 

1.7003 
300. 

2.2726 
300. 

2.3325 
300. 

1.7385 
300. 

1.3278 
300. 

1.1462 
300. 

1. 1593 
300. 

1.2933 
300. 

0.0 
300 . 

0.0 
300 . 

1.2857 
300 . 

1.4349 
300 . 

1.1741 
300. 

0.9396 
300 . 

0 .8151 
300 . 

0.7904 
300. 

0.6115 
300 . 

F i g . B . l . (Contd) ANL Neg. No. 116-78-169 

BWB TEST PEOBLEB - BEFEBENCE SOLOTION 

NOBMALIZED ASSEMBLY POWEBS AT T= 0 .120E 01 

MEAN POHEB DENSITY= 0 .752962OE-03 AVEBAGE FUEL TEMPEaATUSE= 0 . 3 0 0 0 0 0 E 03 

0 . 5 9 6 8 
3 0 0 . 

0 . 9 5 2 2 
3 0 0 . 

1 .0626 
3 0 0 . 

0 . 8 8 4 6 
3 0 0 . 

0 . 5 0 5 8 
3 0 0 . 

0 . 3 2 6 8 
3 0 0 . 

0 . 2 5 8 5 
3 0 0 . 

0 . 2 6 6 8 
3 0 0 . 

0 . 3 6 3 6 
3 0 0 . 

0 . 5 9 4 4 
3 0 0 . 

0 . 8 7 4 4 
300 . 

0 . 7 7 9 5 
3 0 0 . 

0 . 6 3 5 5 
300 . 

0 . 4 5 5 6 
300 . 

0 . 3 3 1 2 
3 0 0 . 

0 . 2 6 7 6 
300 . 

0 . 2 5 3 3 
3 0 0 , 

0 . 2 7 1 7 
300 . 

0 . 6 3 7 2 
3 0 0 . 

0 . 9 0 5 4 
3 0 0 . 

0 . 7 4 8 5 
3 0 0 . 

0 . 6 0 6 6 
3 0 0 . 

0 . 4 7 6 0 
3 0 0 . 

0 . 3 6 9 6 
3 0 0 . 

0 . 3 0 4 6 
3 0 0 . 

0 . 2 7 8 3 
3 0 0 . 

0 .2744 
3 0 0 . 

0 . 7 6 0 0 
3 0 0 . 

1 .1010 
3 0 0 . 

0 . 9 3 5 9 
3 0 0 . 

0 . 7 7 5 3 
3 0 0 . 

0 . 6 0 9 9 
3 0 0 . 

0 . 4 7 0 7 
3 0 0 . 

0 . 3 8 6 6 
3 0 0 . 

0 . 3 6 1 5 
3 0 0 . 

0 . 3 6 3 8 
3 0 0 . 

0 . 9 4 8 9 
3 0 0 . 

1 .4766 
3 0 0 . 

1 . 4287 
3 0 0 . 

1 . 2 3 4 0 
3 0 0 . 

0 . 6 9 2 4 
3 0 0 . 

0 . 6 4 4 5 
3 0 0 . 

0 . 5 2 5 7 
3 0 0 . 

0 . 5 1 6 7 
3 0 0 . 

0 . 5 6 4 3 
3 0 0 . 

1 .0999 
3 0 0 . 

1 .9565 
3 0 0 . 

2 . 4 5 9 5 
3 0 0 . 

2 . 2 2 4 5 
3 0 0 . 

1 .3244 
300 . 

3 . 6 7 2 0 
3 0 0 . 

3 . 7 0 1 4 
3 0 0 . 

9 . 7 4 5 8 
3 0 0 . 

1 .0439 
3 0 0 . 

1 .0520 
3 0 0 . 

2 . 1 1 8 9 
300 . 

2 . 9 5 2 5 
3 0 0 . 

2 . 7 9 9 7 
3 0 0 . 

1 . 7 0 2 3 
3 0 0 . 

1. 1288 
3 0 0 . 

0 . 9 0 2 1 
3 0 0 . 

0 . 9349 
3 0 0 . 

1 .2704 
3 0 0 . 

0 . 0 
300 . 

1 . 9 7 7 3 
3 0 0 . 

2 . 7 8 3 0 
3 0 0 . 

2 . 8 4 5 9 
3 0 0 . 

1 . 9 7 9 5 
3 0 0 . 

1 . 4 0 5 9 
3 0 0 . 

1. 1234 
3 0 0 . 

1 . 0 6 4 7 
3 0 0 . 

1. 1494 
3 0 0 . 

0 . 0 
3 0 0 . 

0 . 0 
3 0 0 . 

1 . 6 4 3 0 
3 0 0 . 

1 . 6 1 0 4 
3 0 0 . 

1 . 3 6 1 0 
3 0 0 . 

1 . 0 0 3 7 
3 0 0 . 

0 . 8 0 3 6 
3 0 0 . 

0 . 7 3 0 2 
3 0 0 . 

0 . 7 2 4 8 
3 0 0 . 

F i g . B . l . (Contd) ANL Neg. No. 116-78-170 
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BHB TEST PBOBLEH - BEFEBENCE SOLOTION 

NCBHALIZEO ASSEMBLY POHEBS AT T= 0 . 140B 01 

MEAN PCNEB DENSITY^ 0 .6423091E 03 AVEBAGE FUEL TEHPE8ATnaE= 3 . 3 0 8 3 9 e E 03 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0.5406 
305. 

0 .8621 
307 . 

0.9608 
308. 

0.6003 
307 . 

0 .4591 
304. 

0 .2972 
302 . 

0.2344 
302. 

0.2403 
302. 

0 .3255 
303. 

0.5459 
305. 

0.6030 
307. 

0.7155 
306. 

0 .5837 
305. 

0.4196 
304. 

0.3051 
303. 

0.2454 
302. 

0.2304 
302. 

0.2456 
302. 

0.6000 
305. 

0.6540 
307. 

0.7076 
306. 

0.5744 
305. 

0.4507 
3 04. 

0.3487 
303. 

0.2647 
302. 

0.2574 
302. 

0.2520 
302. 

0 .7356 
306. 

1.0697 
3 09. 

0.9133 
308. 

0.7583 
306. 

0.5948 
305. 

0.4548 
304. 

0.3700 
303. 

0.3390 
303. 

0.3362 
303. 

0.9403 
308. 

1.4723 
312. 

1.4309 
312. 

1.2384 
310. 

0.6914 
307. 

0.6354 
305. 

0.5075 
304. 

0.4904 
304. 

0.5464 
305. 

1.1102 
309. 

1.9894 
317. 

2.5115 
3 2 1 . 

2.2750 
319. 

1.3482 
311 . 

3.6733 
307. 

3.6842 
306. 

0.7082 
306. 

3.9776 
306. 

1.0793 
309. 

2.1977 
318. 

3.3694 
326. 

2.9332 
325. 

1.7663 
315. 

1.1449 
310. 

0.8668 
307 . 

0.8916 
307. 

1.1929 
310. 

0 .0 
300. 

2.3984 
316. 

3.3349 
325. 

3.1019 
326. 

2.0696 
318. 

1.4373 
312. 

1. 1096 
309. 

1. 3199 
309. 

1.3633 
309. 

0.0 
300. 

0.0 
300 . 

1.8286 
315. 

2.0057 
317 . 

1.4498 
312. 

1.0302 
309 . 

0.7956 
307. 

0.7011 
306. 

0.6845 
306. 

F i g . B . l . (Con td ) ANL Neg. No. 116 -78 -167 

BNB TEST PBOBLEH - BEFEBENCE SOLOTION 

NCBHALIZEO ASSEMBLY POHEBS AT 1= 0.200B 01 

BEAN POHEB DENSITY= 0.7841052E 03 AVEBAGE FOEL TEHPEBAT0HE= 0.840528E 03 

0.4640 0.4744 0.5333 0.6716 0.8827 1.0770 1.0936 0.0 0.0 
591. 593. 619. 668. 795. 686. 877. 300. 300. 

0.7361 0.6941 0.7561 0.9740 1.3822 1.9396 2.2670 2.3378 0.0 
763. 729. 753. 862. 1072. 1348. 1477. 1456. 300. 

0 6212 0.6160 0.6271 0.8348 1.3535 2.4781 3.2633 3.6350 2.3535 
817. 683. 674. 779. 1050. 1627. 1967. 2014. 1364. 

0.6678 0.5072 0.5127 0.6984 1.1799 2.2585 3.1125 3,7090 2.5429 
732. 613. 605. 699. 951. 1505. 1886. 2051. 1460. 

0.3985 0.3690 0.4061 0.5509 0.8494 1.3301 1.8314 2.2927 1-6524 
549! 526. 541. 615. 770. 1015. 1250. 1447. 1108. 

0.2627 0.2725 0.3169 0.4215 0.6009 3.8460 1.1422 1.4745 1.0809 
462. 466. 486. 543. 637. 764. 913. 1077. 862. 

0.2113 0.2223 0.2600 0.3408 0.4717 3.6429 0,6457 1.0749 0.7822 
430. 435. 455. 499. 571. 665. 774. 896. 730. 

0.2199 0.2107 0.2351 0.3091 0.4461 3.6441 0.8151 0.9419 0.6552 
435. 428. 441. 484. 564. 679. 777. 847. 678. 

0.3004 0.2256 0.2299 0.3061 0.4909 3.8760 1.0693 0.9756 0.6225 
485 438. 439. 484. 595. 625. 940. 881. 668. 

F i g . B . l . (Con td ) ANL Neg. No. 116 -78 -168 
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BHB TEST PBOBLEH - BEFEBENCE SOLUTION 

NCBHALIZEO ASSEMBLY POHEBS AT T= 0 , 3 0 0 E 01 

MEAN POHEB DENSITY= 0 , 9 6 1 7 5 2 6 E 0 2 AVEBAGE FUEL TEMPEEATUBE= 3 , 1 0 8 7 3 2 E 0 4 

0 , 5 0 5 6 
7 1 1 , 

0 , 8 0 2 5 
9 5 4 , 

0 . 8 9 7 1 
1 0 3 0 , 

0 , 7 5 3 1 
9 1 0 , 

0 , 4 3 7 5 
6 5 2 , 

0 . 2 9 0 5 
5 3 1 . 

0 . 2 3 6 6 
4 8 5 . 

0 . 2 4 9 8 
4 9 3 . 

0 . 3 4 4 0 
5 6 4 . 

0 . 5 0 9 4 
7 1 4 . 

0 . 7 4 5 5 
9 0 7 . 

0 . 6 6 5 0 
8 4 1 . 

0 . 5 4 7 1 
7 4 3 . 

0 . 3 9 9 2 
6 2 1 . 

0 , 2 9 7 0 
5 3 6 , 

0 , 2 4 5 4 
4 9 3 , 

0 , 2360 
4 6 3 , 

0 , 2 5 5 1 
4 9 7 , 

0 , 5 5 7 5 
7 5 4 . 

0 , 7 8 9 2 
9 4 3 , 

0 , 6 5 4 2 
8 3 3 , 

0 . 5 3 5 7 
7 3 4 . 

0 . 4 2 6 6 
6 4 3 , 

0 . 3 3 6 4 
5 6 8 , 

0 . 2 8 0 2 
5 2 2 , 

0 . 2 5 7 2 
5 0 2 , 

0 , 2 5 3 8 
4 9 9 , 

0 , 6 8 2 3 
8 5 5 . 

0 . 9 8 6 2 
1 1 0 4 , 

0 , 6 4 2 7 
9 6 6 , 

0 . 7 0 5 6 
8 7 2 . 

0 . 5 6 0 5 
7 5 2 . 

0 , 4 3 4 9 
6 4 8 . 

0 . 3 5 6 3 
5 8 6 . 

0 . 3 3 0 6 
5 6 3 . 

0 . 3 3 0 4 
5 6 3 . 

0 , 8 7 7 3 
1 0 1 2 . 

1 . 3 6 7 3 
1 4 1 1 . 

1 . 3 3 3 4 
1 3 8 1 . 

1 . 1 6 3 1 
1 2 4 0 . 

0 . 8 4 3 6 
9 7 9 . 

0 . 6 0 6 5 
7 6 6 . 

0 , 4 6 6 7 
6 9 0 . 

0 . 4 6 9 9 
6 7 7 . 

0 . 5 2 2 1 
7 2 0 . 

1 , 0 5 5 5 
1 1 4 9 , 

1 , 8 9 1 1 
1 8 2 1 . 

2 . 4 0 8 8 
2 2 3 0 . 

2 , 1 9 6 7 
2 0 5 5 . 

1 , 3 0 1 8 
1 3 3 9 , 

3 . 8 4 1 4 
9 7 2 , 

3 , 6 5 5 1 
8 2 5 , 

3 , 6 7 2 2 
8 4 2 , 

0 . 9 2 4 9 
1 3 4 8 . 

1 . 0 6 3 1 
1 1 4 3 . 

2 , 1913 
2 0 2 7 . 

3 , 1457 
2 7 5 7 , 

3 . 0 0 2 4 
2 6 4 0 . 

1 . 7 7 7 0 
1 6 9 5 . 

1 . 1 2 6 2 
1 1 9 3 . 

0 . 6 5 4 8 
9 8 4 . 

0 , 8 4 5 1 
96 2 . 

1 . 1 2 3 4 
1 2 1 1 . 

0 . 0 
3 0 0 . 

2 . 2 4 9 9 
2 0 2 2 . 

3 . 4 6 8 0 
2 6 9 2 . 

3 . 5 6 2 1 
2 9 4 8 . 

2 . 2 1 6 9 
2 0 0 3 . 

1 . 4 4 9 1 
1 4 3 8 . 

1 . 0 6 2 5 
1 1 6 2 . 

0 . 9 7 2 2 
1 0 8 3 . 

1 . 0 2 1 1 
1 1 2 7 , 

0 . 0 
3 0 0 . 

0 , 0 
3 0 0 , 

2 , 2 5 7 8 
1 9 3 3 , 

2 . 4 4 2 4 
2 0 7 5 . 

1 , 5 9 8 2 
1 5 0 9 . 

1 . 0 6 2 3 
1 1 2 7 . 

0 . 7 8 7 1 
9 2 4 . 

0 . 6 7 5 3 
8 4 2 . 

0 . 6 5 0 7 
8 2 5 . 

F i g . B . l . (Contd) ANL Neg. No. 116-78-162 

BHB TEST PBOBLEM - COABSE MESH SOLOTION - THO-STEP LEAKAGE 

NOBMALIZED ASSEMBLY POHEBS AT T= 0 . 0 

MEAN POHEB DENSITY= 0 . 9 9 9 9 9 7 6 E - 0 6 AVEBAGE FUEL TEMPEBATURE= 3.30OO0OE 03 

0 , 9 1 6 9 
3 0 0 . 

1 , 4 7 5 5 
3 0 0 . 

1 , 6 6 3 3 
3 0 0 . 

1 , 3 8 6 2 
3 0 0 . 

0 , 7 8 5 2 
3 0 0 , 

0 , 5 0 7 9 
3 0 0 . 

0 . 4 0 9 7 
3 0 0 , 

0 , 4 3 6 8 
3 0 0 . 

0 , 6 1 1 1 
3 0 0 , 

0 . 6 6 4 9 
3 0 0 . 

1 . 2 7 8 8 
3 0 0 , 

1 . 1 4 4 7 
3 0 0 , 

0 , 9 3 5 4 
3 0 0 , 

0 , 6 6 9 9 
3 0 0 , 

0 . 4 6 6 7 
3 0 0 . 

0 . 4 0 4 6 
3 0 0 , 

0 , 3 9 8 0 
3 0 0 , 

0 , 4 3 6 8 
3 0 0 , 

0 . 8 2 6 0 
3 0 0 . 

1 . 1 6 6 7 
3 0 0 . 

0 . 9 6 1 7 
3 0 0 . 

0 , 7 7 8 6 
3 0 0 , 

0 , 6 1 6 8 
3 0 0 , 

0 . 4 9 1 8 
3 0 0 . 

0 , 4 2 3 4 
3 0 0 , 

0 . 4 0 4 8 
3 0 0 , 

0 . 4 0 9 7 
3 0 0 , 

0 , 8 5 4 4 
3 0 0 . 

1 , 2 2 0 0 
3 0 0 , 

1 . 0 1 6 7 
3 0 0 . 

0 , 8 4 0 0 
3 0 3 , 

0 . 6 7 7 5 
3 0 0 , 

0 , 5 5 2 7 
3 0 0 , 

0 . 4 9 1 8 
3 0 0 . 

0 . 4 3 8 7 
3 0 0 . 

0 . 5 0 7 9 
3 0 0 . 

0 . 9 3 6 4 
3 0 0 . 

1 . 4283 
3 0 0 . 

1 . 3 3 8 3 
3 0 0 . 

1 . 1 5 0 3 
3 0 0 . 

0 . 8 6 6 3 
3 0 0 . 

0 . 6 7 7 5 
3 0 0 , 

0 . 6 1 6 8 
3 0 0 , 

0 , 6 6 9 9 
3 0 0 , 

0 , 7 8 5 2 
3 0 0 . 

3 . 9 7 7 2 
3 0 0 , 

1 . 6 8 5 9 
3 0 0 , 

2 , 0 6 5 4 
3 0 0 . 

1 . 8 6 2 2 
3 0 0 . 

1 . 1 5 0 3 
3 0 0 , 

3 . 8 4 0 3 
3 0 0 , 

3 , 7 7 8 5 
3 0 0 . 

0 . 9 3 5 4 
3 0 0 . 

1 , 3 8 6 2 
3 0 0 . 

0 . 8 4 8 1 
3 0 0 . 

1 . 6 3 1 0 
3 0 0 . 

2 . 1 7 9 1 
3 0 0 . 

2 . 0 6 54 
3 0 0 . 

1 . 3 3 8 3 
3 0 0 . 

1 . 0 1 8 7 
3 0 0 . 

0 . 9 6 1 7 
3 0 0 . 

1 . 1447 
3 0 0 . 

1 . 6 6 3 3 
3 0 0 . 

0 . 0 
3 0 0 . 

1 . 3 3 6 2 
3 0 0 . 

1 . 6 3 1 0 
3 0 0 . 

1 . 6 8 5 9 
3 0 0 . 

1 . 4 2 6 3 
3 0 0 . 

1 . 2 2 0 0 
3 0 0 . 

1 . 1 6 8 7 
3 0 0 . 

1 . 2 7 8 8 
3 0 0 . 

1 . 4 7 5 5 
3 0 0 . 

0 . 0 
3 0 0 . 

0 . 0 
3 0 0 . 

0 . 3 4 8 1 
3 0 0 . 

0 . 9 7 7 2 
3 0 0 , 

0 . 9 3 6 4 
3 0 0 . 

0 , 8 5 4 4 
3 0 0 . 

0 . 6 2 6 0 
3 0 0 . 

0 . 8 6 4 9 
3 0 0 . 

0 . 9 1 8 9 
3 0 0 . 

Fig. B.2. BWR Test Problem Results 
Leakage Solution ANL Neg. 

- Coarse Mesh Two-Step 
No. 116-78-161 
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BIB TEST PBOBLEM - COABSE MESH SOLOTION - THO-STEP LEAKAGE 

NOBMALIZED ASSEMBLY POHEBS AT T= 0 . 4 0 0 0 E 00 

HEti POHEB DENSITY^: 0 . 1390311E-05 AVEBAGE FUEL TEHPEBATUBE^ 0. 300000E 03 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0.8406 
300 . 

1.3484 
300. 

1.5185 
300 . 

1.2652 
300, 

0.7170 
300. 

0.4635 
300. 

0.3725 
300, 

0,3950 
300 . 

0,5507 
300. 

0.7997 
300, 

1,1811 
300, 

1.0559 
300. 

0.8625 
300. 

0.6181 
300. 

0.4504 
300. 

0.3713 
300. 

0.3626 
300, 

0,3963 
300, 

0,7812 
300, 

1,1056 
300 , 

0,9101 
300, 

0,7369 
300 . 

0.5828 
300. 

0.4625 
300. 

0.3947 
300. 

0,3740 
300. 

0.3764 
300. 

0.8336 
300. 

1.1930 
300. 

0.9994 
300, 

0.6247 
300. 

0.6617 
300. 

0.5334 
300 . 

0.4671 
300. 

0.4579 
300, 

0 ,4726 
300, 

0,9425 
300, 

1,4447 
300, 

1,3619 
300, 

1,1715 
300, 

0.8740 
300. 

0 .6701 
300. 

0.5949 
300. 

0.6336 
300, 

0,7364 
300. 

1.0105 
300. 

1.7562 
300. 

2.1661 
300. 

1.9534 
300. 

1.1929 
300. 

0,8477 
300, 

0,7597 
300, 

0,6695 
300, 

1,3047 
300, 

0,6986 
300. 

1,7522 
300, 

2 .3699 
300. 

2.2452 
300. 

1. 4255 
300. 

1.04 46 
300. 

0.9467 
300. 

1.0937 
300. 

1.5699 
300. 

0 .3 
300. 

1.4898 
300. 

1.9034 
300. 

1.9595 
300. 

1.5600 
300. 

1.2637 
300. 

1.1572 
300. 

1.2271 
300. 

1,3968 
300, 

0,0 
300 , 

0,0 
300 , 

1,0286 
300 , 

1.1693 
300, 

1.0368 
300 . 

0.8901 
300 . 

0.8206 
300. 

0.8324 
300. 

0.8718 
300 . 

1 2 3 4 5 5 7 

Fig. B.2. (Contd) ANL Neg. No. 116-78-163 

BHB TEST PBOBLEM - COABSE HESH SOLUTION - THO-STEP LEAKAGE 

VOBHALIZED ASSEMBLY POHEBS AT T= 0 . 8 0 0 0 E 00 

MEAN PCHEB DENSITY= 0 , 3 1 6 5 0 2 1 E - 0 5 AVEBAGE FOEL TEMPEBATUBE= 0 , 3 0 0 0 0 0 E 03 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 ,7267 
300. 

1.1670 
300, 

1.3119 
300. 

1.0924 
300. 

0.6196 
300. 

0.4001 
300. 

0 .3195 
300. 

0.3354 
300. 

0 .4646 
300 . 

0.7065 
300. 

1.0416 
300, 

0,9292 
300, 

0,7584 
300, 

0,5440 
300, 

0,3957 
300. 

0.3235 
300, 

0,3122 
300, 

0,3384 
300. 

0.7173 
300. 

1.0153 
300. 

0.6364 
300. 

0.6773 
300. 

0.5343 
300. 

0.42 05 
300. 

0.3537 
300. 

0.3300 
300 . 

0.3291 
300 . 

0.8038 
300. 

1.1544 
300. 

0.9716 
300. 

0.8026 
300, 

0,6390 
300, 

0,5058 
300, 

0,4318 
300 . 

0 .4139 
300. 

0.4223 
300. 

0.9511 
300 . 

1,4678 
300, 

1.3951 
300 . 

1.2013 
300, 

0,8648 
300 . 

0,6594 
300 , 

0,5638 
300, 

0,5818 
300, 

0,6667 
300, 

1.0578 
300. 

1.8561 
300. 

2.3089 
300, 

2,0827 
300. 

1.2533 
300. 

3.8585 
300. 

0.7328 
300. 

3.8240 
300. 

1.1663 
300. 

0.9707 
300. 

1.92 49 
300. 

2.6410 
300. 

2.5003 
300. 

1.5494 
300. 

1.0814 
300. 

0.9253 
300. 

1.0209 
300. 

1.4367 
300. 

0.0 
300. 

1,7089 
300, 

2.2927 
300. 

2.3496 
300. 

1.7474 
300. 

1.3261 
300. 

1.1406 
300. 

1.1535 
300. 

1.2844 
300. 

0.0 
300. 

0.0 
300 . 

1.2916 
300. 

1.4477 
300 . 

1.1806 
300. 

0.9410 
300 . 

0.8129 
300 . 

0.7861 
300 . 

0.8046 
300 . 

Fig . B.2 . (Contd) ANL Neg. No. 116-78-16i| 
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BH8 TEST PBOBLEM - COABSE MESH SOLOTION - THO-STEP LEAKAGE 

NOBHALIZED ASSEMBLY POHEBS AT T= 0 . 1 2 0 0 E 01 

MEAN POHEB DENSITY= 0 , 1 0 6 5 5 4 9 E - 0 2 AVEBAGE FUEL TEMPEEATURE= 0 . 3 0 0 0 0 0 E 03 

0 . 5 9 0 1 
3 0 0 . 

0 , 9 4 3 0 
3 0 0 , 

1 , 0 5 6 9 
3 0 0 , 

0 , 8 7 9 7 
3 0 0 , 

0 , 5 0 0 5 
3 0 0 . 

0 . 3 2 3 2 
3 0 0 , 

0 . 2 5 5 7 
3 0 0 . 

0 . 2 6 4 0 
3 0 0 . 

0 , 3 6 1 3 
3 0 0 , 

0 . 5 8 9 9 
3 0 0 , 

0 . 8 6 7 9 
3 0 0 , 

0 . 7 7 2 1 
3 0 0 , 

0 . 6 3 0 0 
3 0 0 . 

0 , 4 5 3 1 
3 0 0 , 

0 , 3 2 8 9 
3 0 0 . 

0 . 2 6 5 6 
3 0 0 . 

0 . 2 5 1 4 
3 0 0 . 

0 . 2 6 6 6 
3 0 0 . 

0 . 6 3 4 7 
3 0 0 , 

0 , 6 9 9 7 
3 0 0 . 

0 . 7 4 3 0 
3 0 0 . 

0 . 6 0 2 3 
3 0 0 . 

0 . 4 7 3 8 
3 0 0 . 

0 . 3 6 8 7 
3 0 0 . 

0 . 3 0 3 4 
3 0 0 . 

0 . 2 7 6 3 
3 0 0 . 

0 , 2 7 1 4 
3 0 0 , 

0 , 7 6 1 0 
3 0 0 , 

1 . 0 9 9 2 
3 0 0 , 

0 , 9 3 2 0 
3 0 0 , 

0 . 7 7 1 8 
3 0 0 , 

0 , 6 0 8 6 
3 0 0 , 

0 , 4 7 0 4 
3 0 0 , 

0 . 3 8 7 6 
3 0 0 , 

0 . 3 5 9 2 
3 0 0 , 

0 , 3 5 9 8 
3 0 0 , 

0 . 9 5 3 8 
3 0 0 . 

1 . 4 8 5 8 
3 0 0 . 

1 . 4 2 7 6 
3 0 0 . 

1 . 2 3 1 9 
3 0 0 . 

0 , 8 9 4 4 
3 0 0 , 

0 . 6 4 4 0 
3 0 0 , 

0 . 5 2 3 6 
3 0 0 , 

0 . 5 1 6 2 
3 0 0 . 

0 . 5 7 8 4 
3 0 0 , 

1 ,108S 
3 0 0 . 

1 , 9 6 6 8 
3 0 0 . 

2 . 4 7 3 8 
3 0 0 . 

2 . 2 3 4 0 
3 0 0 . 

1 . 3 2 4 5 
3 0 0 . 

0 , 8 6 9 7 
3 0 0 , 

0 , 6 9 7 1 
3 0 0 , 

3 . 7 3 9 6 
3 0 0 , 

1 . 0 3 8 3 
3 0 0 . 

1 . 0 5 4 6 
3 0 0 . 

2 , 1 3 5 0 
3 0 0 , 

2 , 9 7 7 6 
3 0 0 . 

2 . 8 1 9 5 
3 0 0 . 

1 . 7 0 4 3 
3 0 0 . 

1 . 1 2 5 4 
3 0 0 . 

0 . 6 9 5 8 
3 0 0 . 

0 . 9 2 6 1 
3 0 0 . 

1 . 2 6 3 6 
3 0 0 . 

0 . 0 
3 0 0 . 

1 . 9 8 6 6 
3 0 0 . 

2 . 8 1 0 6 
3 0 0 , 

2 , 8 6 9 8 
3 0 0 , 

1 , 9 8 9 1 
3 0 0 , 

1 , 4 0 2 6 
3 0 0 , 

1 , 1 1 5 9 
3 0 0 . 

1 . 0 5 6 4 
3 0 0 , 

1 , 1 3 6 0 
3 0 0 , 

0 . 0 
3 0 0 . 

0 . 0 
3 0 0 . 

1 . 6 5 2 3 
3 0 0 . 

1 . 8 2 8 5 
3 0 0 . 

1 . 3 6 8 6 
3 0 0 . 

1 . 0 0 4 1 
3 0 0 , 

0 . 7 9 9 9 
3 0 0 . 

0 , 7 2 4 3 
3 0 0 , 

0 . 7 1 6 4 
3 0 0 . 

Fig. B.2. (Contd) ANL Neg. No. 116-78-172 

BHB TEST PBOBLEM - COABSE MESH SOLUTION - THO-STEP LEAKAGE 

NOBHALIZED ASSEMBLY POHEBS AT T= 0 . 1 4 0 0 E 01 

MEAN POHEB DENSITY= 0 .1641903E 04 AVEBAGE FUEL TEMPEBATUBE= 3 . 3 2 2 0 6 6 E 03 

9 

6 

7 

6 

5 

4 

3 

2 

1 

0 . 5 3 6 3 
3 1 2 . 

0 . 8 5 9 6 
3 1 9 . 

0 . 9 6 2 5 
3 2 1 . 

0 . 3 0 1 7 
3 1 8 . 

0 . 4 5 7 6 
3 1 0 , 

0 . 2 9 6 2 
3 0 7 . 

0 , 2 3 4 0 
3 0 5 , 

0 , 2 4 0 2 
3 0 5 . 

0 , 3 2 7 3 
3 0 7 , 

0 . 5 4 4 8 
3 1 2 . 

0 , 8 0 1 4 
3 1 3 . 

0 . 7 1 2 7 
3 1 6 . 

0 , 5 8 2 0 
3 1 3 . 

0 . 4 1 9 8 
3 0 9 , 

0 , 3 0 5 1 
3 0 7 . 

0 . 2455 
3 0 5 , 

0 , 2 3 0 9 
3 0 5 , 

0 . 2 4 5 5 
3 0 5 . 

0 , 5 9 9 7 
3 1 3 . 

0 , 8 5 1 2 
3 1 9 . 

0 , 7 0 4 3 
3 1 6 . 

0 , 5 7 1 9 
3 1 3 , 

0 . 4 5 0 0 
3 1 0 . 

0 . 3 4 9 1 
3 0 6 . 

0 . 2 6 5 2 
3 0 6 . 

0 . 2 5 7 4 
3 0 6 . 

0 . 2 5 1 3 
3 0 6 . 

0 . 7 3 7 4 
3 1 6 , 

1 , 0 6 8 1 
3 2 4 . 

0 , 9 0 9 1 
3 2 0 , 

0 . 7 5 4 6 
3 1 7 . 

0 . 5 9 4 0 
3 1 3 , 

0 . 4 5 5 4 
3 1 0 , 

0 , 3 7 0 4 
3 0 8 , 

0 . 3 3 8 7 
3 0 7 . 

0 , 3 3 6 6 
3 0 7 , 

0 . 9 4 4 1 
3 2 1 . 

1 . 4 7 6 7 
3 3 3 . 

1 . 4 2 5 9 
3 3 2 . 

1 . 2 3 3 0 
3 2 7 . 

0 , 6 9 1 9 
3 2 0 , 

0 . 6 3 4 9 
3 1 4 . 

0 . 5 0 6 7 
3 1 1 . 

0 . 4 9 0 1 
3 1 1 . 

0 , 5 4 3 5 
3 1 2 , 

1 . 1 1 6 7 
3 2 5 . 

1 , 9 9 3 7 
3 4 4 , 

2 , 5 1 6 7 
3 5 6 . 

2 . 2 7 6 4 
3 5 0 , 

1 . 3 4 4 5 
3 3 0 . 

0 . 8 7 0 3 
3 1 9 , 

0 , 6 6 0 7 
3 1 5 , 

3 , 7 0 4 7 
3 1 6 , 

0 , 9 7 6 9 
3 2 2 , 

1 , 0 7 9 1 
3 2 4 . 

2 , 2 0 6 7 
3 4 9 . 

3 , 1 0 3 2 
3 6 9 . 

2 . 9 4 2 2 
36 5 . 

1 , 7 6 2 4 
3 3 9 . 

1 , 1394 
3 2 5 , 

0 . 8 8 1 1 
3 1 9 , 

0 , 8 8 5 8 
3 2 0 , 

1 , 1 9 1 4 
3 2 6 , 

0 , 0 
3 0 0 . 

2 . 1 0 0 7 
3 4 6 . 

3 . 0 5 4 0 
3 6 7 . 

3 . 1 1 7 0 
3 6 9 . 

2 . 0 9 2 7 
3 4 6 . 

1 . 4 3 0 9 
3 3 2 . 

1 . 1025 
3 2 4 . 

1 . 0 1 4 4 
3 2 2 . 

1 . 0 7 6 4 
3 2 4 . 

0 . 0 
3 0 0 , 

0 , 0 
3 0 0 . 

1 , 8 3 3 4 
3 4 0 . 

2 . 0 1 9 6 
3 4 4 . 

1 , 4 5 3 6 
3 3 2 , 

1 , 0 2 6 9 
3 2 3 . 

0 , 7 9 2 2 
3 1 7 , 

0 . 6 9 7 1 
3 1 5 . 

0 . 6 7 9 0 
3 1 5 . 

F i g . B . 2 . (Contd) ANL Neg. No. 1 1 6 - 7 8 - 1 7 1 



BHB TEST PBOBLEH - COABSE HESH SOLUTION - THO-STEP LEAKAGE 

NOBHALIZED ASSEMBLY POHEBS AT T= 0 . 2 0 0 0 E 01 

MEAN POHEB 0ENSITY= 0 . 8 1 5 4 9 5 6 E 03 AVEBAGE FUEL TEHFEBATUBE= 0 . 8 6 7 5 2 6 E 03 

77 

0 . 4 5 7 1 
6 0 2 . 

0 . 7 2 6 2 
7 8 2 . 

0 . 8 1 3 8 
8 4 0 . 

0 . 6 6 1 4 
7 5 1 . 

0 . 3 9 2 8 
5 5 8 . 

0 . 2 5 8 8 
4 6 8 . 

0 . 2 0 8 2 
4 3 5 . 

0 . 2 1 6 9 
4 4 0 , 

0 , 2 9 7 6 
4 9 3 , 

0 , 4 6 9 2 
6 0 5 , 

0 , 6 6 6 4 
7 4 7 , 

0 , 6 0 9 9 
6 9 8 , 

0 , 5 0 0 9 
6 2 6 , 

0 , 3 6 5 5 
5 3 6 , 

0 , 2 6 9 6 
4 7 3 , 

0 . 2 1 9 8 
4 4 1 . 

0 , 2 0 8 4 
4 3 4 , 

0 , 2 2 2 5 
4 4 3 , 

0 . 5 2 9 7 
6 3 3 . 

0 . 7 4 8 9 
7 7 2 . 

0 . 6 2 0 4 
6 9 0 . 

0 . 5 0 7 2 
6 1 7 . 

0 . 4 0 2 6 
5 5 1 , 

0 , 3 1 4 6 
4 9 6 . 

0 . 2 5 6 0 
4 6 2 , 

0 , 2 3 2 6 
4 4 7 , 

0 . 2 2 6 7 
4 4 4 . 

0 . 6 7 1 0 
7 0 8 . 

0 . 9 6 9 9 
6 8 9 . 

0 . 6 2 6 9 
8 0 0 . 

0 . 6 9 3 0 
7 1 6 . 

0 . 5 4 8 1 
6 2 9 . 

0 . 4 1 9 9 
5 5 4 . 

0 . 3 3 8 8 
5 0 8 . 

0 . 3 0 6 1 
4 9 2 . 

0 . 3 0 1 8 
4 9 1 . 

0 . 6 6 6 1 
6 2 2 . 

1 . 3 8 6 7 
1 1 1 3 . 

1 . 3 4 9 5 
1 0 8 5 . 

1 . 1 7 5 1 
9 6 1 . 

0 . 8 4 9 6 
7 9 4 . 

0 . 5 9 9 1 
6 5 4 . 

0 . 4 6 8 6 
5 8 4 . 

0 . 4 4 2 5 
5 7 5 . 

0 . 4 8 4 3 
6 0 6 . 

1 . 0 8 5 7 
9 2 1 . 

1 .949C 
1 4 0 6 . 

2 . 4 8 9 3 
1 7 0 1 . 

2 . 2 6 4 6 
1 5 7 0 . 

1 . 3 2 9 3 
1 0 5 0 . 

0 . 8 4 2 8 
7 8 6 . 

3 . 6 3 7 5 
6 6 1 . 

3 . 6 3 6 8 
6 9 5 . 

3 . 6 6 6 5 
8 4 9 . 

1 . 0 9 6 8 
9 0 8 . 

2 . 2 6 6 3 
1 5 4 6 . 

3 . 2 9 2 2 
2 0 6 5 . 

3 . 1352 
1 9 7 6 . 

1 . 6 3 4 4 
1 2 9 8 . 

1 . 1 3 7 7 
9 4 1 . 

0 . 8 3 7 9 
7 9 4 . 

0 . 8 0 4 9 
7 9 6 . 

1 , 0 6 0 1 
9 6 8 . 

0 . 0 
3 0 0 . 

2 . 3 4 9 4 
1 5 2 0 , 

3 , 5 8 2 6 
2 1 1 9 , 

3 . 7 5 2 3 
2 1 5 6 . 

2 . 3 0 3 6 
1 5 0 9 , 

1 , 4 6 6 1 
1 1 1 3 , 

1 , 0 6 4 9 
9 2 1 . 

0 . 9 3 1 2 
3 6 9 . 

0 . 9 6 2 3 
9 0 3 . 

0 . 0 
3 0 0 . 

0 . 0 
3 0 0 . 

2 . 3 7 5 7 
1 4 2 5 . 

2 . 5 7 7 1 
1 5 3 2 , 

1 . 6 6 2 6 
1 1 5 3 . 

1 . 0 7 9 4 
8 9 0 . 

0 . 7 7 6 4 
7 4 9 . 

0 . 6 4 7 6 
6 9 3 . 

0 , 6 1 3 0 
6 6 2 , 

1 2 3 4 5 6 7 

Fig, B.2. (Contd) ANL Neg. No. 116-78-179 

BHB TEST PBOBLEH - COABSE HESH SOLUTION - THO-STEP LEAKAGE 

NOBHALIZED ASSEMBLY POHEBS AT T= 0 . 3 0 0 0 E 01 

MEAN POHEB DENSITY^ 0 , 9 7 0 3 0 2 4 E 02 AVEBAGE FUEL TEHPEBAT0BE= 0 , 1 1 2 7 3 3 E 04 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 , 4 9 9 9 
7 2 6 . 

0 . 7 9 4 7 
9 7 9 . 

0 . 8 9 2 6 
1 0 6 2 . 

0 . 7 4 9 0 
9 3 7 . 

0 . 4 3 2 7 
6 6 5 . 

0 . 2 8 7 1 
5 3 9 . 

0 . 2 3 4 0 
4 9 2 . 

0 . 2 4 7 3 
5 0 0 . 

0 . 3 4 2 4 
5 7 6 . 

0 . 5 0 5 2 
7 3 1 . 

0 . 7 3 9 5 
9 3 2 . 

0 . 6 5 8 2 
8 6 2 . 

0 . 5 4 1 8 
7 6 1 . 

0 . 3 9 6 5 
6 3 5 . 

0 . 2 9 4 6 
5 4 6 . 

0 . 2 4 3 3 
5 0 1 . 

0 . 2 3 4 3 
4 9 1 . 

0 . 2 5 2 5 
5 0 5 . 

0 . 5 5 4 6 
7 7 4 . 

0 . 7 8 3 1 
9 7 1 . 

0 . 6 4 8 1 
8 5 4 . 

0 . 5 3 0 7 
7 5 2 . 

0 . 4 2 3 5 
6 5 8 . 

0 . 3 3 4 6 
5 8 1 . 

0 . 2 7 8 6 
5 3 1 . 

0 . 2 5 5 1 
5 1 0 . 

0 . 2 5 1 0 
5 0 6 . 

0 . 6 8 2 1 
6 8 4 . 

0 . 9 8 2 5 
1 1 4 2 . 

0 . 8 3 7 0 
1 0 1 7 . 

0 . 7 0 0 3 
6 9 7 . 

0 . 5 5 7 9 
7 7 3 . 

0 . 4 3 3 5 
6 6 5 . 

0 . 3 5 6 7 
5 9 9 . 

0 . 3 2 8 1 
5 7 4 . 

0 . 3 2 6 5 
5 7 2 . 

0 . 6 8 0 6 
1 0 5 1 . 

1 . 3 7 1 6 
1 4 7 2 . 

1 . 3 2 8 9 
1 4 3 3 . 

1 . 1 5 7 9 
1 2 6 4 . 

0 . 8 4 3 6 
1 0 1 4 . 

0 . 6 0 4 6 
6 1 0 . 

0 . 4 8 3 9 
7 0 7 . 

0 . 4 6 5 9 
6 9 3 . 

0 . 5 1 6 2 
7 3 6 . 

1 . 0 6 3 8 
1 2 0 0 . 

1 . 8 9 9 3 
1 9 0 6 . 

2 . 4 1 6 5 
2 3 3 9 . 

2 . 2 0 1 7 
2 1 5 0 . 

1 . 3 0 0 1 
1 3 9 1 . 

0 . 8 3 7 8 
1 0 0 4 . 

3 . 6 4 9 8 
8 4 6 . 

3 . 6 6 5 7 
6 6 4 . 

3 . 9 1 9 4 
1 0 8 1 . 

1 . 0 6 5 6 
1 1 8 9 . 

2 . 2 0 8 8 
2 1 3 1 . 

3 . 1 7 1 7 
2 9 0 5 . 

3 . 0 2 2 4 
2 7 7 7 . 

1 . 7 7 6 5 
1 7 6 7 . 

1 . 1 2 1 1 
1 2 3 4 . 

0 . 8 4 7 1 
1 0 1 2 . 

0 . 8 3 5 8 
1 0 0 8 . 

1 . 1 1 6 5 
1 2 5 0 . 

0 . 0 
3 0 0 . 

2 . 2 6 0 1 
2 1 2 1 . 

3 . 5 3 0 9 
3 0 5 8 . 

3 . 6 0 0 5 
3 1 1 2 . 

2 . 2 2 5 5 
2 0 9 7 . 

1 . 4 4 1 9 
1 4 9 0 . 

1 . 0 7 2 8 
1 1 9 8 . 

0 . 9 6 2 8 
1 1 1 5 . 

1 . 0 0 9 5 
1 1 5 9 . 

0 . 0 
3 0 0 . 

0 . 0 
3 0 0 . 

2 . 2 7 7 5 
2 0 3 1 . 

2 . 4 7 3 1 
2 1 9 0 . 

1 . 6 0 6 4 
1 5 7 8 . 

1 . 0 6 0 1 
1 1 6 8 . 

0 . 7 8 1 5 
9 5 1 . 

0 . 6 6 8 5 
8 6 3 . 

0 . 6 4 2 1 
8 4 4 . 

Fig . B.2. (Contd) ANL Neg. No. 116-78-178 
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BHB TEST PBOBLEM - COABSE MESB SOLUTION - FLAT LEAKAGE 

NOBMALIZED ASSEMBLY POHEBS AT T= 0 . 0 

MEAN POHEB DENSITY= 0 . 1 0 0 0 0 0 0 E - 0 5 AVEBAGE FUEL TEMPEBATnaE= 3 . 3 0 0 0 0 0 E 03 

9 

8 

7 

6 

5 

4 

3 

2 

1 

0 . 9 0 5 4 
3 0 0 . 

1 . 4 6 1 0 
3 0 0 . 

1 . 6 6 0 8 
3 0 0 . 

1 . 3 6 4 2 
3 0 0 . 

0 . 7 7 5 5 
3 0 0 , 

0 , 4 9 7 7 
3 0 0 , 

0 , 4 0 0 7 
3 0 0 , 

0 . 4 2 8 7 
3 0 0 . 

0 . 6 0 5 2 
3 0 0 . 

0 . 8 5 8 7 
3 0 0 . 

1 . 2 6 6 7 
3 0 0 . 

1 . 1 3 2 5 
3 0 0 . 

0 . 9 2 5 5 
3 0 0 . 

0 . 6 6 4 6 
3 0 0 . 

0 . 4 8 4 4 
3 0 0 . 

0 . 4 0 0 1 
3 0 0 . 

0 . 3 9 2 3 
3 0 0 . 

0 . 4 2 8 7 
3 0 0 . 

0 . 8 2 4 5 
3 0 0 . 

1 . 1 6 1 3 
3 0 0 . 

0 . 9 4 9 2 
3 0 0 . 

0 . 7 6 8 0 
3 0 0 . 

0 . 6 1 3 1 
3 0 0 . 

0 . 4 9 0 8 
3 0 0 . 

0 . 4 2 1 6 
3 0 0 , 

0 , 4 0 0 1 
3 0 0 . 

0 . 4 0 0 7 
3 0 0 , 

0 , 3 5 8 8 
3 0 0 , 

1 , 2 2 0 2 
3 0 0 . 

1 . 0 1 0 7 
3 0 0 . 

0 . 6 3 1 9 
3 0 0 . 

0 . 6 7 5 9 
3 0 0 . 

0 . 5 5 2 9 
3 0 0 . 

0 , 4 9 0 8 
3 0 0 , 

0 . 4 8 4 4 
3 0 0 , 

0 , 4 9 7 7 
3 0 0 , 

0 . 9 4 7 5 
3 0 0 , 

1 . 4 4 1 0 
3 0 0 , 

1 , 3 4 2 1 
3 0 0 . 

1 . 1 5 0 5 
3 0 0 . 

0 . 6 5 7 5 
3 0 0 . 

0 , 6 7 5 9 
3 0 0 , 

0 , 6 1 3 1 
3 0 0 . 

0 . 6 6 4 6 
3 0 0 , 

0 , 7 7 5 5 
3 0 0 , 

3 . 9 6 9 3 
3 0 0 , 

1 , 7 0 6 5 
3 0 0 , 

2 , 0 9 9 3 
3 0 0 , 

1 , 6 8 7 1 
3 0 0 , 

1 , 1 5 0 6 
3 0 0 , 

0 . 8 3 1 9 
3 0 0 . 

3 , 7 6 8 0 
3 0 0 , 

3 , 9 2 5 5 
3 0 0 , 

1 . 3 8 4 2 
3 0 0 , 

0 . 6 5 7 0 
3 0 0 . 

1 , 6 5 6 1 
3 0 0 , 

2 , 2 2 2 3 
3 0 0 , 

2 , 0 9 9 0 
3 0 0 . 

1 , 3 4 2 1 
3 0 0 , 

1 , 0 1 0 7 
3 0 0 . 

0 . 9 4 9 2 
3 0 0 , 

1 . 1325 
3 0 0 , 

1 . 66 08 
3 0 0 . 

0 . 0 
3 0 0 . 

1 . 3 6 2 7 
3 0 0 . 

1 . 6 5 6 1 
3 0 0 . 

1 . 7 0 6 6 
3 0 0 . 

1 . 4 4 1 0 
3 0 0 . 

1 . 2 2 0 2 
3 0 0 . 

1 . 1 6 1 3 
3 0 0 . 

1 . 2 6 6 7 
3 0 0 . 

1 , 4 6 1 0 
3 0 0 , 

0 . 0 
3 0 0 . 

0 . 0 
3 0 0 . 

0 . 8 5 7 0 
3 0 0 . 

0 . 9 6 9 3 
3 0 0 . 

0 . 9 4 7 5 
3 0 0 . 

0 . 6 5 8 8 
3 0 0 . 

0 . 6 2 4 5 
3 0 0 . 

0 . 8 5 8 7 
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